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Psychophysical derivation of the impulse response through
generation of ultrabrief responses: complex

inverse estimation without minimum-phase assumptions
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A new technique is presented for the psychophysical measurement of the response phase that requires no as-
sumptions of the relation between the phase and amplitude components of the frequency response. The ampli-
tude attenuation is measured by a standard threshold paradigm and is then compensated for by increasing
harmonic strength in proportion to the visual attenuation. Then the phase of each frequency component is ad-
justed to maximize the internal response amplitude. The amplitude and phase values may be converted by
inverse Fourier transformation into the estimated visual impulse response in any stable set of stimulus condi-
tions and are insensitive to a wide variety of response nonlinearities. A key aspect of the phase measurement
technique is the generation of a stimulus to obtain the minimum time spread of the internal response, creating
a briefer response than for any other stimulus.

IMPULSE RESPONSE

It is of obvious interest to be able to specify a system's
response for any arbitrary input. For a linear system this
specification is represented by the impulse response to an
infinitely (i.e., sufficiently) brief or local stimulus pulse.
From this impulse response, the response to any input
profile for the same linearity range may be computed di-
rectly by first decomposing the stimulus into a constituent
set of impulses. The resulting response output is then
the linear sum of the constituent impulse responses.
Thus the impulse response is a valuable condensation of
the response properties of the system, within the limits of
linearity.

For many systems the impulse response may be mea-
sured directly from the output when a system is stimulated
by a sufficiently brief impulse. However, in certain do-
mains of scientific study there is no direct access to the
output waveform but only to its integrated energy. One
well-established approach applies when the image function
is of finite extent. In principle and with a noise-free
image, the phase spectrum may be completely recovered if
the image function has finite support, i.e., is bounded on
all sides by regions of zero energy up to known boundary
positions. Computation of the phase spectrum on the
basis of this finite-support constraint is the approach
taken in many phase reconstruction papers.'

The present analysis is aimed at the determination of
signal wave shape in situations in which the finite-support
constraint does not apply because (i) the support domain
is infinite, (ii) the boundary position is unknown, (iii) the
signal is noisy and renders reconstruction ineffective, or
(iv) the response is specified in the time domain, with
finite support only in the prestimulus time direction im-
posed by the causality constraint. The following analysis
focuses on the temporal response of the human visual sys-
tem as a specific example of a case in which the response
waveform is inaccessible to measurement.

HUMAN VISUAL IMPULSE RESPONSE

Until the late 1970's there was no known way of measuring
the visual impulse response (VIR) directly for any stimulus
condition. The only approaches to it were the two-pulse
summation technique' and the modulation threshold func-
tion,3 both of which measure the amplitude relations in
the visual response without specifying their distribution
over time.

Then Roufs and Blommaert4 proposed a perturbation
method for direct estimation of the VIR. The method
consisted of the perturbation of the threshold response to
a pulse with the response to an added pulse of much
smaller (1/5th) magnitude. Their method was designed
for a pure-peak-detection mechanism to pick up the per-
turbations of the peak sensitivity produced by the response
to the smaller pulse. In principle, to the extent that the
Visual system operates as a peak detector, their method
could provide an accurate estimate of a limited class of
VIR in which one peak predominates. However, their
method suffers from three limitations in application to
the visual system:

(1) The small perturbations required for the method to
work put the response close to the noise level (a maximum
perturbation of only ±20%o), so Herculean efforts were re-
quired to obtain worthwhile data.

(2) The assumption that the visual system operates as a
peak detector is not strictly valid. Watson5 showed that,
although the combined effects of noise and amplitude non-
linearities tend to emphasize the peak region, the residual
detectability from the rest of the response can signifi-
cantly distort the VIR estimate. The detectability of the
stimulus may be modeled by an equation in which the in-
tegrating function is a rectified power relation,6 i.e.,

R = f s(t) * h(t)IPdt, (1)
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where * represents convolution between the inner terms
before rectification and P3 has a typical value7 of -4. The
power relation represents the influence of either back-
ground noise or a threshold nonlinearity in the detection
process.8 It has the effect in the detection process of em-
phasizing the peak regions of the VIR at the expense of
the lower-amplitude portions.

As an example of the distortion produced by such an in-
tegration process, a biphasic VIR will always generate a
triphasic perturbation waveform if nonpeak regions of the
response contribute to detection sensitivity.5 The degree
of distortion also depends on the form of the VIR, so that
the VIR cannot be deconvolved from the perturbation
waveform even if we have a precise knowledge of the
threshold nonlinearity. To this extent, the perturbation
method suffers from the same type of uncertainty as the
two-pulse summation approach.

(3) Even if a system were a perfect, noise-free peak de-
tector, the perturbation method could work correctly only
for visual responses with a single peak in the rectified
response (i.e., positive and negative peaks are equally de-
tectable in the probe response). Roufs and Blommaert4

report step responses with almost equal positive and
negative peaks that violate the assumption of the tech-
nique. The perturbation is then no longer isolated to a
single local region and may interact with more than one
part of the response being probed, resulting in the genera-
tion of spurious peaks in the estimated response. The
perturbation method therefore is applicable only to a
limited set of visual responses, even if its other assump-
tions are valid.

TEMPORAL DEBLURRING: A NEW
TECHNIQUE FOR IMPULSE RESPONSE
ESTIMATION

I now propose a new technique for direct psychophysical
estimation of the VIR that avoids all three drawbacks of
the perturbation approach. The generic approach to the
problem is labeled temporal deblurring, since the core of
the technique is to generate a stimulus that minimizes the
spread of the internal response over time. Mathemati-
cally, the deblurring is achieved by complex inverse filter-
ing, since the minimization procedure requires the
development of an inverse filter characteristic that takes
both amplitude attenuation and phase delays into account
and is therefore complex in nature.

Two versions of the technique are developed, according
to whether it is desired to test a derived estimate of the
VIR or to generate one from scratch. In both procedures
the key feature is to generate an ultrabrief response by
compensating for both the amplitude and the phase com-
ponents of the visual filtering. In the full procedure this
ultrabrief response forms the test probe against which the
phase of each separate frequency component can be
optimized, providing an accurate phase specification
throughout the frequency domain. A psychophysical im-
plementation of the technique is presented to show that
it can produce reliable phase measurements and impulse
response estimates. The efficacy of the technique is
evaluated in a computer simulation, including noise con-
siderations. The effects of three kinds of physiological
nonlinearity on the accuracy of the result are then consid-

ered. Finally, several psychophysical tests are proposed
to determine the validity of the technique in practice.

VERIFICATION APPROACH TO TEMPORAL
DEBLURRING

The first version of the temporal deblurring technique
consists of verification of an initial estimate of the VIR
derived from another source. The estimate may be
derived from minimum-phase reconstruction from the
amplitude function A(wo), two-pulse interaction experi-
ments, direct physiological measurement under the same
conditions in another species, or any other technique. In
each case this estimate is based on the assumption that
the visual system is operating as a single processing chan-
nel. This does not, however, imply that there may not be
multiple channels processing selective aspects of the basic
response; it merely implies that the overall amplitude and
phase properties are determined by a single filter at the
first stage of processing and that filtering properties of
subsequent stages are negligible relative to those at the
first stage.

An example epitomizing this assumption is the temporal
response of many cortical neurons to the output of a single
class of receptor. The receptor time constants may be of
the order of 100 ms, while those of the cortical neurons
are 1-2 ms. In this example the temporal filtering is
set by the receptor processing, and the cortical neurons
produce no further attenuations or delays.

Verification of the derived VIR proceeds by generating a
deblurred stimulus that is compensated for both the am-
plitude attenuation and the phase delays implied by the
estimated VIR. If the estimate is correct, then the inter-
nal response to the deblurred stimulus will be a narrow
pulse with a flat spectrum up to the frequency limits of
the compensation process. This ultrabrief pulse response
should be shorter than any previously experienced sensa-
tion, and tests that are sensitive to its brevity will permit
the determination of whether the initial minimum-phase
estimate of the VIR was correct.

In a classic Bode analysis the amplitude characteristic
A(wo) is fitted with an n-pole filter function to the desired
accuracy. The minimum-phase estimate of the VIR is ob-
tained from the sum of the VIR's of the requisite filters.
The inverse transform of the combined amplitude and
minimum-phase spectra provides the minimum-phase esti-
mate of the VIR.9 The temporal deblurring paradigm
may then be applied as follows to the verification of this
candidate VIR to see to whether the phase assumptions
were correct.

For VIR h(t) with A(cu) amplitude spectrum and cD(c)
phase spectrum, the phase delays can be compensated for
by putting f(t) = h(-t), reflecting the VIR back in time to
form the phase-compensated stimulus.' Time reflection
of the response forms a stimulus in which each frequency
component has a phase advance precisely matching the
phase delay of the VIR. Such a stimulus therefore sets all
the frequency components in the response at the same
phase and results in a response of the maximum amplitude
possible from a stimulus of that frequency composition.
Time reflection is therefore the inverse-filtering proce-
dure appropriate for the phase component of the transfer
function 1'(wc) by the standard relation
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F[h(-t)] = A(co)exp[-iD(w)], (2)

where F[ ] is the Fourier transform.
Although time reflection compensates for the phase de-

lays in the response, it does not compensate for the ampli-
tude component of the filtering. Not only does the system
transfer function attenuate the amplitude components in
the original stimulus impulse but the procedure of taking
the time-reflected VIR waveform as the new stimulus ef-
fectively prefilters the stimulus to the same extent, before
it even reaches the eye. Consequently, the response to a
time-reflected VIR as a stimulus has the form of the VIR
convolved with itself or the frequency response of the
square of the frequency characteristic. Thus stimulus
amplitudes from the VIR must be inverse filtered accord-
ing to A(co)-2 to compensate the internal response for its
inherent filter characteristics effectively. Of course, such
compensation can be realized only up to some cut off fre-
quency Cmax below which the internal response should
then have a flat amplitude spectrum but above which no
compensation is possible. The required stimulus spec-
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trum is given by

S(w) = A(o)-' = A(w)/A(w) 2 , 0o < W max- (3)

The internal response is then computed on the basis that
convolution in the time domain corresponds to multiplica-
tion in the frequency domain. The internal response is
given by the convolution of the inverse-filtered stimulus
h-1 (-t) with the VIR, and hence the spectrum A_,( of
the response to h-1 (-t) is

A_1 (co) = A(w)S(w) = 1, C) < C max, (4)

which is a flat amplitude spectrum up to the maximum
frequency of compensation. Represented in the time do-
main, the stimulus that achieves this result is given by

h-1(-t) = F-{S(&))exp[-iDi(so)]}, (5)

where F'{t } is the inverse Fourier transform.
Constant phase and a flat spectrum are characteristic

of a pulse. For a cutoff frequency of, say, 50 Hz, this ap-
proach should deliver a relatively pure pulse of -10-ms

Pac_

(c

Frtquency component Thm (s)

(b) (d)
Fig. 1. (a) Assumed monophasic impulse response with the form of Eq. (6). (b) Amplitudes of 12 harmonics of the FFT of the monophasic
impulse response on a logarithmic ordinate. The abscissa gives the ordinal values of the frequency component, in which 1 corresponds to
4 Hz. (c) Amplitude inverse of the 12 harmonics in (b) (solid curve). The dashed curve shows a simulation of experimental amplitude
data obtained by adding complex noise with an average amplitude of ±27% of the analytic value. (d) Estimation of the monophasic im-
pulse response from 12 harmonics under both noise-free (solid curve) and added-noise (dotted curve) conditions. The dashed curve shows
the original impulse response for comparison (lowered by 0.01 log unit for clarity).
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Fig. 2. (a) Three cycles of the complex inverse stimulus obtained by combining the 12 harmonics at their inverse amplitudes and in the
phases corresponding to those in the time reflection of the monophasic impulse response of Fig. 1(a) (solid curve). Dashed curve: noisy
version. (b) One cycle of the system response to the complex inverse stimulus (solid curve) and its noisy version (dashed curve), obtained
by convolution with the original impulse response. Note that the main peak of the inverse response is only 12 ms at half-height, reduced
nearly to one third of the width of the original impulse response (dashed-dotted curve). (c) Comparison of the responses of (b) after their
passage through a fourth-power nonlinearity corresponding to the human threshold detection process. This effectively eliminates the
ringing near zero in the unfiltered complex inverse response. (d) Comparison of the responses of (b) with the optimal energy response
obtained by using the direct time reflection of the impulse response (without amplitude compensation) as the stimulus.

duration to perception, a pulse that has the maximum am-
plitude for the quantity of input stimulus energy implied
by the amplitude spectrum. The response may then be
subjected to a variety of tests to determine whether it
actually conforms to the brief pulse form predicted on the
basis of the derived phase response. If the output passes
these tests, then presumably the predictions were accurate.

Note that the full range of the complex inverse stimulus
as specified here can be presented as a real stimulus only
at low amplitude. The overall amplitude is limited by the
available amplitude of the frequency component that is
most attenuated in the visual response (normally the
highest frequency component). If the response contrast
for each new frequency is to be at two times its threshold
amplitude (to permit sufficient visibility for the perfor-
mance of the phase-discrimination task), then the criterion
threshold that can be used to determine the highest avail-
able harmonic is 50% (since the maximum modulation
available is 100%). Now the amplitude of the complete
complex inverse waveform is the sum of the components,

each of which is scaled proportionately to its own threshold.
The threshold of the composite waveform would therefore
be 1/n of the threshold for the individual n harmonics if
detection were a pure peak-detection process (or somewhat
less if detection corresponds to an integration after a power
nonlinearity, depending on the degree to which the ultra-
brief peak is narrowed as the higher harmonics are added).
However, the stimulus will be limited to a lower range of
amplitudes, since the waveform sum of all the harmonics
is limited to a peak amplitude of 100%.

SIMULATION OF THE COMPLEX INVERSE
PROCEDURE

A simulation of the degree of temporal deblurring obtained
for a minimum-phase reconstruction of a typical human
psychophysical VIR was conducted. The VIR was derived
by Bode analysis of a temporal frequency characteristic
developed by Watson.5 At high spatial frequencies, at
which the inhibitory term becomes negligible, the result-
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ing VIR [Fig. 1(a)] is given by

h(t) = (t/T)5exp[-(t/T)], (6)

where the time constant is 4.94 ms.
The amplitude spectrum of this VIR [Fig. 1(b)] is pre-

sented in terms of frequency components, for which the
fundamental is assumed to be at 4 Hz (for comparability
with empirical analyses). The amplitude spectrum was
inverse filtered according to Eq. (3) to obtain the inverse
amplitudes shown as the solid curve in Fig. 1(c). Since
both Figs. 1(b) and 1(c) are plotted in terms of log ampli-
tude, it is easy to see that the amplitude profiles are the
inverses of each other. The dashed curve in Fig. 1(c)
shows an alternative function obtained by adding a sample
of noise with an average amplitude of 0.1 log unit at each
frequency, to be used for the subsequent computations to
provide a sense of the robustness of the technique. The
noise was a complex random variable simulating measure-
ment error in both the amplitude and the phase estimation.

Figure 2(a) shows three cycles of the clean and the noisy
versions of the complex inverse stimulus h-1 (-t) obtained
from the procedure. Each function is three cycles of an
infinite repetitive waveform obtained by continuous cy-
cling through the depicted segment. From a practical
standpoint, the key question is whether this complex in-
verse stimulus will permit the pulse waveform to be deter-
mined with sufficient resolution and with a manageable
number of harmonic components to provide a close esti-
mate of the VIR.

The question of temporal resolution may be approached
with prior knowledge of the response duration. Two-pulse
summation experiments at medium photopic levels2 "''-3

tell us that the pulse responses cease to interact beyond
-100 ms, so assuming that the VIR is complete within
250 ms should provide an adequate safety margin. This
means that the lowest frequency that can provide any in-
formation about such VIR's is the one whose fundamental
has a period of 250 ms, viz., a frequency of 4 Hz. Con-
versely, if the critical fusion frequency is 50 Hz, then no
further information should be available from harmonic
components of frequency higher than 48 Hz, or the twelfth
harmonic. The practical question is therefore whether,
with 12 harmonic components and a time resolution of
250 bins, a compensated waveform has sufficient resolu-
tion to align the response components in phase effectively
and generate a response with a significant degree of tem-
poral deblurring.

The answer is depicted in Fig. 2(b), which shows the
response of the same system to a single cycle of the clean
and the noisy compound stimuli of Fig. 2(a). Clearly, the
main peak of the deblurred response is substantially nar-
rowed compared with the VIR to an infinitely narrow
stimulus (dashed curve). In fact, the width at half-height
is a factor of 2.75 narrower than for the VIR. Note that
the main peak of the deblurred response is barely affected
by the presence of the noise (dotted curve), although sub-
stantial variations are seen in the low-amplitude flanking
regions. As long as threshold is determined principally
by the peak-amplitude region, these low-amplitude varia-
tions will make essentially no contribution to sensitivity
measurements. To illustrate this point, I have thresholded
the responses of Fig. 2(b) by a fourth-power operator,

which is a good approximation to the noise-limited process
of human detection threshold. The result [Fig. 2(c)]
shows the stimulus energy that will contribute to detec-
tion threshold. As is evident, the ripples on the deblurred
stimulus have a negligible effect on detectability,
the width of which is limited to -10 ms for the de-
blurred stimuli.

A further comparison may be made between the de-
blurred response and the minimum energy response
shown in Fig. 2(d). The minimum energy response is ob-
tained by using the time-reflected VIR as a stimulus,
which has the effect of aligning all the phases in the re-
sponse by introducing the requisite phase advance in the
stimulus to cancel the phase lags for each frequency in the
resp nse characteristic.9 The deblurred stimulus is
3.75 imes narrower than its minimum energy counter-
part. Thus the two approaches to minimization achieve
very ifferent response properties.

Note that this simulation could be further optimized to
reduce the ringing around the peak of the deblurred
stimulus to the desired extent. An example of such filter-
ing is to apply a Gaussian filter to the frequency spectrum
before the inverse Fourier transform [Fig. 3(a)]. The ef-
fect of such a filter with a bandwidth of 50 Hz on the
complex inverse stimulus is shown in Fig. 3(b). It can be
seen in the resulting ultrabrief response [Fig. 3(c)] that
the ringing has been almost eliminated at the moderate
cost of increasing the width of the main peak to 15 ms.

VERIFICATION OF THE DEBLURRED
RESPONSE

If the presumed VIR shape is correct, two deblurred
pulses should summate approximately, as would be the
case for rectangular pulses of the same width (i.e., 12 ms
at half-height). They would thus show a roughly triangu-
lar summation function dropping to the baseline level by
the width of the response pulse. The precise form of this
summation function can readily be computed from the in-
verse fast Fourier transform (FFT) of the number of har-
monics chosen for analysis. If the original estimate of the
VIR was correct, the ultrabrief summation function
should remain flat beyond the full width of the ultrabrief
pulse response, i.e., 25 ms. In actual psychophysical appli-
cations the baseline level at which the summation function
becomes flat will be determined by probability summation
between the two pulses rather than being the detection
level for a single pulse, but the summation function should
be essentially the same shape, regardless of the degree of
probability summation.

The accuracy of the verification procedure is determined
by the accuracy with which the summation function can
be measured. In practice, psychometric sensitivity func-
tions can give individual thresholds to an accuracy of
-1/10 of the summation amplitude,'2-14 which defines the
sensitivity with which deviations of the VIR estimate from
the actual VIR can be detected. This suggests that the
method should be sensitive to a phase deviation in one
component alone, since the maximum effect on the ampli-
tude of that component is twice the original amplitude
(when the phase has rotated by 1800). If, as in the ex-
ample given, the waveform can be described by 12 compo-
nents, then the maximum effect on the total response
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Fig. 3. (a) Inverse amplitude spectrum multiplied by a Gaussian
filter with a half-width of 50 Hz to smooth the amplitudes of the
higher harmonics (solid curve). Dashed curve: unfiltered spec-
trum. (b) Three cycles of the complex inverse stimulus obtained
from the inverse amplitudes of (a) and the same time-reflected
phases as for Fig. 1. (c) One cycle of the deblurred response to
the complex inverse stimulus of (b). Note the profound reduction
in ringing beyond the main peak at a cost of widening the peak to
15 ms at half-height.

amplitude would be 2/12, or 1.7 times the estimated accu-
racy of 1/10. Note that this deviation should occur both
as a peak reduction and as a periodic increase in the base-

line level, providing a further increase in its detectability.
Fourier analysis of the summation function can extract
the periodic information to average the amplitude estimate
effectively at each harmonic. Conservatively, this addi-
tional information should reduce the deviation threshold
by at least a factor of 2, implying that the maximum am-
plitude change is -3.5 times the accuracy of its deviation
sensitivity in the case of a single harmonic. This would
translate into a phase sensitivity of -50°, which is an ac-
ceptable level of accuracy. The Fourier analysis approach
to the summation function permits this calculation to be
performed independently for each harmonic of the recon-
struction. The overall estimate can therefore be evalu-

J ated to -1/10 of a cycle of each harmonic.
12 On similar logic, adding opposite-sign deblurred pulses

should produce proportional cancellation up to the pulse
width of 25 ms, with probability summation again beyond
that. If the original estimate of the VIR is strongly dis-
torted, then the summation and cancellation functions
should be broadened beyond the point predicted by the
simple summation model. Moreover, they should not
simply be broadened to the point of the standard two-pulse
summation function but should potentially be so broad
that the distorted response pulses lose their identity in the
continuous string. Thus this subtractive verification
technique should be even more sensitive to small devia-
tions of the estimate from the actual VIR than the two-
pulse summation approach of the previous paragraph.

SEQUENTIAL DEBLURRING APPROACH
Now suppose that the assumed VIR is incorrect in some
respect. For example, the visual system may not adhere
to the minimum-phase assumption, 4 so that develop-
ment of a VIR from the amplitude spectrum by using a
minimum-phase computation will result in the wrong VIR
estimate. In this case one needs to obtain direct measure-
ments of the phase relations of the responses to each fre-
quency component in the transfer function. If the VIR is
known to be of limited duration , then the amplitude
spectrum may be completely specified by a limited set of
sinusoids with integer values over the interval . With
careful measurement, the amplitudes themselves should
be measurable to a high degree of precision; conversely,
the phases of individual components are completely inde-
terminate by standard psychophysics.

The sequential deblurring approach to phase measure-
ment permits the measurement of the relative phase of

2 each of these discrete frequency components. A basic as-
sumption of the technique is that the visual threshold is
determined by a peak detection or high-p system [Eq. (1)];
otherwise it would be phase insensitive. A second as-
sumption is that the output operates as a single linear
channel (although the output may be composed of a combi-
nation of parallel channels, as is discussed below).

The essence of the technique is to begin with the first
component, f1, and determine the relative phase of the
next component, f2, by adding it in various phases to mea-
sure the variation in sensitivity over phase. The resulting
phase sensitivity function may be used to determine the
phase of maximum sensitivity for detection of the com-
posite stimulus, with improved accuracy obtained by opti-
mized interpolation methods. By the time-reflection
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Fig. 4. Internal responses to the series of harmonics during the
process of generating the ultrabrief response. From the bottom,
each curve consists of the addition of an extra harmonic in the
sequence 1,1 + 2,1 + 2 + 3, etc. The stimulus amplitudes are
assumed to have been compensated in proportion to their thresh-
old sensitivity, and their phases are assumed to have been ad-
justed for maximum internal response. Thus, if the experiment
were noise free, the internal responses should always go through
this sequence, regardless of the form of the impulse response.

theorem, the peak phase corresponds to the time reflection
of the phase delay for those two components of the visual
VIR. The first two stimulus components are then added
together in the appropriate (reflected) phase and ampli-
tude relations as measured to form a new, composite probe
stimulus that is optimized in phase to produce the maxi-
mum amplitude and the minimum temporal distribution
of the internal response.

The sequence continues with the next frequency, f 3,
being added in various phases to the composite probe
stimulus to permit determination of its phase of maximum
sensitivity. The new frequency is then added in its mea-
sured inverse amplitude and phase to the composite to
form a three-component composite probe for determina-
tion of the optimum phase by addition of the next compo-
nent. The sequence continues in analogous fashion to
cumulate the optimal phase for all the measurable harmon-
ics. The internal responses to the various combinations
in sequence of harmonics are shown in Fig. 4, with the
fundamental frequency in the lowest position. Because
the amplitude and the phase are both compensated for the
filtering properties of the visual response, the internal re-
sponses are of equal amplitude and fixed (cosine) phase.
By extending the spectrum to each frequency one at a time
and varying the phase for maximum response, one can
measure the relative phases of all the frequency compo-
nents within the bandwidth of the response spectrum.
As each new harmonic is added, the composite response
becomes progressively narrower, so that it is optimized for
sensitivity to the phase variation of the next added fre-
quency. (Full optimization of the relative amplitudes of
the harmonics depends in a complex fashion on the task
being performed. In general, optimizing the response
variation with phase at every new harmonic requires a
slightly different set of harmonic amplitudes. In the em-
pirical examples shown, however, the amplitudes of all the
harmonics were given equal weight in the composite.)

A key feature to prevent the technique from becoming
less accurate for higher frequencies with lower amplitudes
is to adjust the amplitude of the composite probe to give a
response equal to that of the new single component at each
test frequency. In this case the range of sensitivity varia-
tion should be a large factor for all frequencies, permitting
the phase to be determined with equal accuracies at all
points across the spectrum. Expressed formally, the re-
quired amplitudes for each probe at the nth frequency
would be given by the sum of the compensated amplitudes
l/aj(w) of all the previous frequencies divided by the com-
pensated amplitude for the nth frequency to be added:

n-1

E 11[aj(co) (n - 1)]
j=l (7)

an (C)

where aj(w) are the amplitudes of each frequency compo-
nent making up A(w).

COMPUTER SIMULATION OF THE COMPLEX
INVERSE SEQUENTIAL DEBLURRING
TECHNIQUE

To ensure that the complex inverse procedure for generat-
ing the time-domain response from the frequency-domain
results is analytically feasible, a computer simulation was
run for the case of a sustained VIR and its associated fre-
quency characteristics shown in Fig. 1. For the simula-
tion the final component was added in the correct phase
and at 900 and 1800 away from this phase to the compound
stimulus of the seven previous components. The ampli-
tude of the final component was set according to rela-
tion (7) to give a response of a weight equal to that of the
response to the combination of the other seven compo-
nents. Figure 5(a) shows the reweighted complex inverse
stimulus in the correct phase (solid curve) and with the
90° phase shift (dashed curve). (The 1800 phase-shifted
version is omitted for clarity.) Physically, these stimuli
are dominated by the high weighting of the final compo-
nent with a small modulation corresponding to the pres-
ence of the other components, but this weighting is needed
to compensate for the attenuation of the visual response
filtering at high frequencies.

This complex inverse stimulus and the phase-shifted
versions were then convolved with the VIR of Fig. 1(a) to
produce the internal response signals shown in Fig. 5(b).
These internal responses consist of a continuous ripple
that is the response to the latest frequency component, to-
gether with a peak region derived from all the other fre-
quencies in the correct phase. When the latest component
is in its correct phase [Fig. 5(b), solid curve], the peak is
twice the amplitude of the other ripples. At 900 phase
shift it is substantially reduced (dashed curve), and by
1800 phase shift it becomes essentially buried in the sur-
rounding activity level (dotted curve). Thus the response
amplitude varies substantially as the component phase is
rotated. Note that the response is modulated around a
baseline of zero, since, unlike the light stimulus, the inter-
nal response can go negative. This means that the peak
response amplitude is approximately three times the
height of the background ripple of the final frequency
component alone [Fig. 5(b), solid curve].
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provides an estimate of the relative contribution to de-
tectability for a response criterion at a moderate level on
the psychometric function and shows that the phase varia-
tions should be highly detectable, permitting good resolu-
tion for measurements of the correct phase of the individual
component. Such measurements have classically been
performed by measuring the detectability at a complete
set of phase rotations and then finding the best-fitting
ellipse for determination of the optimum phase on the
basis of its major axis. The next section describes how to
obtain a speedier estimate by direct judgment of the phase
for the peak detectability and its converse, the minimum
detectability of the compound.

It is important to note that, since the deblurring tech-
nique first compensates for the sensitivity of each fre-
quency component, it is completely insensitive to the form
of the VIR being measured. The phase task is identical
for any frequency characteristic, since the procedure re-
quires the amplitudes to be fully compensated before the
phase measurements are initiated.

Although the absolute phase shift, or overall response
delay, remains indeterminate by this technique, the re-
sponse waveform may be completely reconstructed within
the limits set by the response noise. However, even the
absolute phase shift is constrained to some extent by the
time of the response output R. Causality demands that
the output cannot precede the internal response, and
therefore the criterion event controlling that output (as-
sumed here to be the response peak under threshold con-
ditions) must occur before the output criterion event.
The entire VIR must, of course, occur after the stimulus
event, so its absolute temporal position is constrained
relative to the stimulus-response interval. This may put
a strong or a weak constraint on the absolute phase, de-
pending on the magnitude of the system delays following
the detection event.

EVALUATION OF THE SEQUENTIAL
DEBLURRING TECHNIQUE

14

140

Tlme (s)

Fig. 5. (a) Complex inverse stimulus corresponding to that in
Fig. 2(a) but with the eighth harmonic increased in amplitude so
as to be optimal for the phase measurement paradigm. Solid
curve: optimal (complex inverse) phase. Dashed curve: phase
shifted to a 90° phase lead. (b) System response to the modified
complex inverse stimuli of (a), showing how the amplitude adjust-
ment of the eighth harmonic optimizes the phase sensitivity be-
tween these components. Solid curve: optimal phase response.
Dashed curve: 90° phase lead response. Dotted curve: worst
phase response (stimulus not shown). (c) System responses of (b)
after their passage through a fourth-power nonlinearity to indi-
cate the visual detectability of each stimulus.

To emphasize that the phase manipulation has a large
effect on detectability, the responses are run through the
fourth-power psychometric nonlinearity in Fig. 5(c). This

There is sound psychophysical evidence that relative phase
information can be detected psychophysically. Levinson 5

made extensive measurements of flicker detectability with
phase shifts of compounds of f + f2 throughout the tempo-
ral frequency range. The phase-shift function was read-
ily measurable, having a sensitivity range of 0.3 log unit
and the same form at all frequencies. For a linear system
before threshold, it is obvious that, if one took a compound
with the optimum phase for f + f2 and then added f in
various phases, the peak from the first two would shift
from falling on a peak to a trough of f and should there-
fore also have a readily measurable phase function. The
widest frequency ratio is between the first two harmonics,
with higher harmonics having progressively smaller fre-
quency ratios; so, if the method works for f, + f2, it should
work for the addition of the higher harmonics.

One nonlinear aspect of Levinson's data 5 was that the
phase-detection function went through only one cycle of
sensitivity variation as the phase of f2 was varied, whereas
a rectifying system as represented by Eq. (1) should show
two cycles of sensitivity variation (as the response to 2

came into peaks-add phase with first the positive peak
and then the negative peak of the response to f). This
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nonlinearity implies that there is some asymmetry to the
processing of the positive and the negative lobes of the
visual response. If this is a static nonlinearity this should
not invalidate the sequential deblurring technique, which
relies on generating an ultrabrief response spike in one
polarity only. The only question would be whether the
task was noisier or more difficult to perform in the less-
sensitive polarity. Gaining a complete understanding of
the effects of this nonlinearity will require a detailed ex-
amination of its nature.

An empirical demonstration of the harmonic recon-
struction technique was conducted to generate an esti-
mate of the foveal VIR. The stimulus was a red 660-nm
light-emitting diode array diffused to appear as a uniform
red disk of 0.50 subtense and set in an equiluminant white
surround of 400 cd/m2 , which should eliminate any rod
contamination. 16,17

derived phase function is impressively regular, decreasing
progressively by a small amount with each harmonic. The
VIR's obtained by inverse FFT of each of these data sets is
shown in Fig. 7. Because the absolute phase of the first
harmonic is unknown it was set to zero, so that the absolute
position of these curves is arbitrary. (Additional delay in
the response would add an arbitrary slope to the phase
function.) It was also assumed that the response at zero
frequency was negligible (viz., an indefinitely high con-
trast threshold).

It is of interest to compare the empirical phase estimates
of Fig. 6 with the minimum-phase estimate for the same
amplitude data. A standard method of obtaining a
minimum-phase estimate is to perform a Bode analysis on
the amplitude function. The advantage of such a proce-
dure is that it requires no special assumptions about the
form of the data beyond the range of measurement (except

METHODS

The test procedure for measurement of the amplitude sen-
sitivities consisted of a YES-NO task for flicker detection
with 20% blank trials as a check on the false alarm re-
sponse rate. The overall paradigm consisted of a 3-up-
1-down staircase procedure in which the staircases for all
the stimulus frequencies were interleaved in cyclic rota-
tion.'6 One response was obtained for each frequency be-
fore changing to the next. Each response was then used
to determine the value presented at that frequency the
next time around the cycle, varying in 0.1-log-unit steps.
The threshold was defined as the level at which two con-
secutive NO responses were obtained on the same or adja-
cent flicker levels.

Phase was measured with a continuously cycling phase
paradigm. To determine the phase for each harmonic, a
repetitive string of stimuli was formed from the preceding
estimate of the deblurred impulse stimulus, consisting of
all the previous harmonics summed in proportion to their
measured thresholds. To this string was added a fre-
quency 0.2 Hz below the frequency of the new harmonic,
so that the string continuously cycled in phase relative to
the deblurred impulse with a cycle period of 5 s. The ob-
server's task was to identify the point at which the im-
pulses in the cycle of deblurred stimuli looked the sharpest.
The observer would then press a button to indicate the
sharpest or most deblurred stimulus in the sequence. In
practice, this turned out to be the phase for perceiving a
negative-going rather than a positive-going pulse (in ac-
cord with the Levinson 5 data). The computed phase
characteristic was converted to the positive-going equiva-
lent for display in the figures. The observer could also
adjust the amplitude of the combined cyclic waveform at
any time to optimize the discriminability of the sharpest
point in the cycle.

RESULTS

Figure 6 shows phase estimates obtained in five successive
runs for a set of amplitude estimates obtained at a base
frequency of 4 Hz. The phase data show acceptable re-
peatability, with the range of the values falling within
approximately ±10% of the full range of phases. The
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Fig. 6. Average measurement of linear amplitude sensitivity
(upper curve) and relative phase shift for five sets of phase deter-
minations (lower curves) with a foveal 660-nm field for one ob-
server. Repeatability of the phase measurements is within
-1 rad for all harmonics.
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Fig. 7. Impulse response estimates derived by inverse FFT from
the real and imaginary functions derived from the amplitude and
phase data of Fig. 6. Since the phase shift of the first harmonic
is unknown, it was set arbitrarily to zero. The position of the
impulse responses on the time axis is therefore arbitrary. Note
the similarity of the five separate responses, especially in the re-
gion of the main peak.
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Fig. 8. Average data for the amplitude ('s) and relative phase
(circles) estimates from Fig. 6. The solid curve shows the best-
fitting n-pole filter model for the amplitude data (six poles) with
the minimum-phase reconstruction for that amplitude function
(dashed curve).

for the zero-frequency point), unlike methods based on the
Kramers-Kronig relation.9 8 The unmeasurable regions
are assumed to be governed by the same filters that best
fit the measurable region. The amplitude data of Fig. 6
were therefore fitted with an n-pole filter model by inspec-
tion. It turned out that a model consisting of six first-
order poles with identical time constants was sufficient to
fit the average amplitude data within the error of mea-
surement (Fig. 8, solid curve).

The derived minimum-phase function, which is the sum
of the phase functions for the individual stages in the
model, is shown as the dashed curve in Fig. 8. It is of a
progressively increasing form, with an early phase lead
corresponding to the low-frequency decline in the ampli-
tude sensitivity. The measured phases (Fig. 8, circles)
represent a much smaller phase shift than the minimum-
phase estimate, although it should be emphasized that the
slope of the data can be set to any desired value by assum-
ing an extra delay in the response. What is unalterably
different between the two phase functions, therefore, is
the curvature, which is accelerating for the empirical
phase and decelerating for the minimum-phase values.

The VIR corresponding to the minimum-phase estimate
is shown as the dotted curves in Fig. 9, while the solid
curves show the VIR derived from the average data of
Fig. 8. Although the temporal shift between these func-
tions is arbitrary, the difference in waveform is entirely
dependent on the difference between the two phase func-
tions. Note that the empirical phase function gives a
waveform that is essentially triphasic, with dips on either
side of the main peak, in contrast to the biphasic form of
the minimum-phase estimate. The visual response there-
fore does not conform to the minimum-phase constraint,
implying that methods that assume a minimum-phase
constraint cannot be relied on to generate an accurate
estimate of the VIR. It thus appears that the harmonic
recomposition approach can be reliably performed as a
psychophysical task, which suggests that it can play a use-
ful role in future analyses of the temporal properties of
visual responses.

LACK OF LIMITATIONS ON THE WAVEFORM
OF THE IMPULSE RESPONSE
The complex inverse technique was developed without
making the assumption that the VIR had a predominant
peak (as is required for other empirical methods). In fact,
the method should work just as well if the VIR were a multi-
peaked oscillatory waveform or a nonminimum-phase
waveform. As long as the combination of the harmonics
produces a larger response at some phases than at others,
the technique will find the optimal phase for detecting the
input, which is the time reflection of the response phase.

An example of the performance of the procedure was
computed for an assumed nonminimum-phase VIR ob-
tained by multiplying the phase characteristic for the im-
pulse response of Fig. 1 by a factor of 3 to extend the
phases over a wider range than required for the minimum-
phase prediction. The multiphasic waveform is shown in
Fig. 10(a); its Fourier amplitude response, filtered with

Time (ns)

(a)

0 20 40 60 So 100 120 140

Time (ms)

(b)

Fig. 9. (a) VIR estimates obtained by inverse Fourier transform
of the empirical data of Fig. 8 (solid curve) and the best-fitting
minimum-phase estimate (dotted curve). The relative positions
of the two curves are arbitrary. (b) Comparison of the minimum-
phase VIR function of (a) (dotted curve) with the VIR derived
from inverse Fourier transformation of the empirical amplitudes
of Fig. 8 together with the minimum-phase phase function (dotted
curve). This hybrid VIR function falls within 10% of the analytic
minimum-phase VIR, showing that the difference in VIR shapes
in (a) is largely attributable to the differences between the phase
functions rather than to noise in the amplitude function.
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the same Gaussian filter, was the same as shown in
Fig. 3(a). Three cycles of the complex inverse stimuli ob-
tained from the inverse spectrum are shown in Fig. 10(b).
One cycle of the visual response to this stimulus is shown
in Fig. 10(c). Since the stimulus is cyclic with a period of
250 ms in this example, the deblurred response will also
be cyclic with the same period. But note that the main
peak is restricted to a total duration of less than 25 ms,
whereas the response to a simple impulse [Fig. 10(a)] has
wide swings over at least 125 ms. Thus the complex in-
verse method works just as well for a nonminimum-phase
impulse response with many phases as it does for the mono-
phasic one of Fig. 1. In fact, it could be considered to work
even better, because the nonminimum-phase waveform is
spread over a larger duration than its minimum-phase
counterpart. Because the complex inverse method aligns
all the phases in the stimulus, it is irrelevant with what
phase the impulse response began.

Correspondingly, the empirical temporal deblurring
technique should provide sufficient alignment of the re-
sponse components that all the information for detectabil-
ity is condensed into a narrow interval of -25 ms. Thus
even a multiphasic VIR can be focused down to a pulselike
response range, implying that there is no ambiguity in the
stimulus phases for maximum response. Essentially,
therefore, the temporal deblurring technique for VIR esti-
mation is immune to the degradations that distort the es-
timates of other methods when applied to difficult forms
of the VIR.

BEAT PHASE TECHNIQUE

It is instructive to compare the temporal deblurring ap-
proach with a third technique for phase measurement,
which is based on adding closely spaced pairs of frequen-
cies to form compounds containing low-frequency beat in-
formation. The phase of the beat modulation may then be
compared with that of another beat pair or with the phase
of a direct luminance modulation of the same frequency
as the beat. The relative phases of the constituent com-
ponents of the waveforms may then be derived from the
beat phases.

The beat modulation for a compound modulation f,2 of
two frequencies of equal amplitudes is defined by the
standard relation

fl,2 = cos(fit) + cos(f 2t + 02)

= 2 cos{[(f, + f2)t + Xl + 02]/2}
x cos{[(fi - f2)t + 4, - 02]/2},

I
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I

(8)

where f is the frequency. This is the product of the
sum and the difference frequencies for the pair in the
compound.

There is substantial debate about how the human visual
system perceives the beat frequencies.19'20 For the present
purpose, an envelope detection mechanism of some kind
is all that is required. The last terms of Eq. (8) show that
the phase of the difference beat 01,2 is given by the differ-
ence between the phases of the constituent frequencies:

01,2 = '1 - 02-

Tim ()

(C)

Fig. 10. (a) Nonminimum-phase impulse response obtained by
multiplication of the phase component of the monophasic impulse
response of Fig. 1(a) by a factor of 3. (b) Three cycles of the
complex inverse stimulus derived from the Fourier transform of
the nonminimum-phase response of (a). (c) Deblurred response
to nonminimum-phase complex inverse stimulus obtained by
convolution with the impulse response of the system. Note that
the main peak of the inverse response has a full width of only
-25 ms, approximately one fifth of the overall width of the non-
minimum-phase impulse response (a).
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If the phase of the beat for one compound, f,2, is then set
to be synchronous with the beat for a second compound,
f2,3, the phases of the two beat waveforms will be equal:

401,2 = (P2,3, (10)

from which

01 - 2 = 2-43 (11)

If the phase adjustment is produced by holding 0,2 at the
same phase in both compounds and adjusting one of the
other constituent phases, then 2 = 0 and 4, = -03.
Note that detection of the beats by envelope amplitude
alone means that the frequency is doubled relative to the
fundamental frequency, so that there will be 180° phase
uncertainty in the result.

The problem with this technique is that, for adequate
resolution of the phases of the beats, the beats will
probably need to be at least 1 s in duration. Since it is the
doubled frequency that is perceived at the beat, this im-
plies a beat modulation of 1 Hz derived from a base beat
frequency of 0.5 Hz. But the beat frequency is the fre-
quency difference between the constituent harmonics, im-
plying a frequency spacing of 0.5 Hz. Thus, to measure
the phases of a complete set of harmonics up to the critical
fusion frequency of 50 Hz, one would have to measure 100
frequency pairs. This is a much more exacting task than
that for the temporal deblurring paradigm. Consequently,
it seems more productive to use the beat technique as a
method of spot checking results from other techniques
than as a convenient method in itself.

NOISE REDUCTION TECHNIQUES

The variability in the form of the derived VIR is to some
extent inherent in the noise of the measurement tech-
nique, but there are still noise reduction techniques to im-
prove the result. One is based on the fact of the finite
support zone before time zero, which follows from the cau-
sality assumption that the entire signal occurs after time
zero. The noise in the VIR estimate, on the other hand,
will produce a waveform estimate with finite energy in
the portion of the waveform before time zero (the pre-
zero energy), which will reflect the specific attributes of
the measurement noise of the amplitude and phase pa-
rameters. These prezero parameters can therefore be
used to minimize the prezero energy, thus removing much
of the perturbing effect of the noise on the postzero
(causal) portion of the estimated VIR. The amplitude
perturbation may be compensated for simply by taking the
Fourier spectrum of the prezero segment alone (avoiding
the region within one fundamental cycle of zero) and
subtracting that amplitude from the postzero VIR esti-
mate. The phase noise may be estimated by adjusting the
phases to minimize the remaining noise within one cycle
of zero time.

This noise estimation technique does not, however, mean
that one can get something for nothing. The length of the
array that has an expected value of zero depends on the
frequency sampling interval. In practice, the prezero
range appears in the Fourier transform as the range be-
yond the boundaries of the measurable VIR. Since the
VIR is noisy and of unknown absolute phase, these bounda-

ries cannot be determined precisely, but they can be esti-
mated on the basis of other data, such as the two-pulse
summation function. The temporal range of summation
supplies the estimate of VIR duration, which may then be
placed on the VIR estimate so as to capture the maximum
response energy. The size of the region outside these
boundaries with an expected value of zero is then deter-
mined by the separation between the responses, or the
sampling interval.

For example, if one assumes that the VIR has a nonzero
amplitude of 100 ms, a sampling interval of 100 ms (10 Hz)
will give no prezero range, since each VIR abuts the suc-
ceeding one. The proposed sampling interval of 4 Hz
would give a prezero range of 250-100 = 150 ms at the
cost of sampling 2.5 times as many harmonics. Such
sampling is also helpful for identifying the individual
VIRs in what would otherwise be a continuous string.

EFFECTS OF WINDOWING THE STIMULUS

An alternative to the use of the continuous waveform is to
assume the existence of a time window outside which
there is no stimulus. This would permit a discrete proce-
dure of forced-choice psychophysics to be used for the ini-
tial determination of the frequency response and for the
phase-mixture sensitivity functions. The use of a win-
dowed waveform presents a substantial advantage for
situations in which flicker adaptation may occur during
prolonged presentation durations. If the adaptation were
frequency specific, as is suggested by recent studies of
flicker adaptation,' it would tend to distort the compen-
sated waveform and vitiate the complex inverse technique.
It is therefore of great importance to be able to develop
brief, windowed versions of the complex inverse waveform.

To minimize the effects of such a window, a smooth form
such as a 100% Tukey window, which peaks at the region
of maximum energy in the stimulus waveform, may be as-
sumed. This window is described by the expression

W = [1 + cos(t/r)], -rTT < t < TT. (12)

The frequency bandwidth of this envelope is 1/ Hz at half-
height, with sensitivity of the first sidelobe at -32 dB,
and -18-dB/octave attenuation thereafter. Even if I is as
short as 250 ms this window should generate little cross
talk between adjacent frequencies separated by 4 Hz in
the complex inverse waveform.

Ideally, the window should be set so that it has the mini-
mal effect on the harmonic content of the compensated
waveform. For the ith harmonic and X = 1, the windowed
waveform SW takes the form

Si W = cos(f t) [1 + cos(t)]

= cos(fit) + cos(f t)cos(t)

= cos(f t) + {cos[(f + 1)t] + cos[(fi + 1)t]}/2. (13)

The final expression consists of the sum of a carrier fre-
quency with two sidebands at nearby frequencies to pro-
vide the amplitude-modulating term. The key issue for
the present context is how to deal with the phase shifts
introduced by the VIR. The desired outcome is a win-
dowed waveform in which the peaks of all three compo-
nents are aligned after the phase-shift operation by the
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VIR, i.e., that there is a time at which the arguments of all
three components of Eq. (13) go to zero simultaneously.
This condition is met if t is replaced by (t - ) through-
out, since each argument goes to zero when t = . This
result implies that the envelope will remain phase locked
to the carrier if, for harmonic i, each term is shifted by
the same phase in relation to its particular frequency.

However, the relevant case is one in which the VIR in-
troduces differential phase lags as a function of the fre-
quency of each term in the equation

Sii = cos{1i[t - 4,(f)]} + (cos{(fi + 1)[t - ,(fi + 1)]}

+ cos{(fi - 1) [t - 4,(fi - 1)]})/2. (14)

This is not subject to rigorous solution unless the phase
function h,( ) is known beforehand, but an approximate
solution is available. As long as f is large relative to 1, the
actual phase lags for fi - 1 and i + 1 will be similar to
those for fi. In this case, therefore, the (t - 4,) terms will
all go to zero at about the same time, so that the carrier
and both sidebands will all remain aligned in the internal
response. Note that, although the slope of the empirical
phase delays tend to increase as the frequency increases,
the consequent increase in inaccuracy of the approxima-
tion is compensated for by the fact that the f + 1 terms
become proportionately closer to the carrier frequency.
In practice, therefore, the approximation is valid for a
larger range of sideband frequencies, as long as the em-
pirical phase function approximates that of a pure delay,
i.e., a linear increase with frequency.

In summary, the optimal strategy is to set the window
so that its peak occurs at the peak of the waveform of each
harmonic. This is achieved by giving the envelope a pro-
portional phase shift, i.e., the same time delay as that re-
quired to compensate the frequency in each harmonic.
The windowed version of the overall compensated wave-
form Sw therefore consists of the sum of compensated har-
monics each windowed at the phase required for optimal
compensation of the VIR:

Sw = ISiWi. (15)

EFFECTS OF MULTIPLE-CHANNEL
PROCESSING

One property that is frequently encountered in physiologi-
cal systems is the presence of more than one minimum-
phase mechanism or channel sensitive to the stimulus. If
the detection system consists of multiple minimum-phase
channels rather than a single channel, then the VIR con-
sists of some combination of the VIR's of the individual
channels. Two cases may be considered, depending on
whether the combination process is a linear sum or a non-
linear combination rule. If the combination process is lin-
ear, then the overall VIR may be considered to be a linear
sum of the component VIR's:

h(t) = h 1(t) + h2(t) + .... (16)

However, the same is not true of either the amplitude or
the phase spectra; the transfer function is given by

F[h(t)] = Ri(w) + I1(w) + R2(0) + I2(w) + ... , (17)
where R and I are the real and the imaginary components,
respectively.

The combined amplitude spectrum is obtained from the
vector sum of the real and the imaginary components:

A(&)) = {[Ri(o) + R2(w) + ... ]2+ [I (W) + I2 (W) + . ] 211/

#A Ai(co) + A2((w) + .... (18)

i.e., the amplitude spectrum for the summed VIR's is not
equal to the linear sum of the individual amplitude spec-
tra, and hence the combined amplitude spectrum cannot
be determined from its constituent amplitude spectra
without prior knowledge of the phase spectra.

Moreover, in the general case the phase characteristic
for a parallel system is not a minimum-phase characteris-
tic, in the sense of having the minimum physically realiz-
able phase for each value on the amplitude characteristic.9

This means that minimum-phase reconstruction tech-
niques for obtaining the VIR from the amplitude spec-
truml0 20 are of little value if the system is likely to contain
parallel elements.

Nevertheless, there is still a linear relationship between
the combined VIR of the parallel system defined by Eq. (16)
and its frequency characteristics. Since the proposed
temporal deblurring technique requires only a linearity
assumption, the linearity of the combined transfer charac-
teristics is all that is required for the correct determina-
tion of the form of this combined VIR. The temporal
deblurring approach therefore should operate just as effec-
tively to measure the VIR of a multiple, parallel system as
for a serial system, as long as the linearity assumption
holds. However, as described, it will provide no informa-
tion as to how the overall VIR should be decomposed into
its constituent parallel responses.

The presence of a nonlinear combination rule makes the
situation much more intractable. For example, suppose
that the detection process is approximated by a power
nonlinearity, such that detectability is proportional to

R = f h,(t)lPdt + f Ih2 (t)lPdt + ... , (19)

and the component responses are again nonseparable.
However, it is possible that in some circumstances
headway may be made in this problem. In this threshold-
ing situation, the detectability of each harmonic in the
Fourier-transform domain is given by

R(w 3 = |Ai(oi)1Pdwi + A2(Ii)lP + --- (20)

For example, if there is a small number of components and
p takes a high value, then the response at any frequency
coi will be dominated by the component with the higher
individual response at that frequency, and the power non-
linearity will ensure that the other components make a
negligible contribution. This means that both the ampli-
tude and the phase of each component should be measur-
able accurately over a limited (and complementary) range,
particularly if there are only two components. In prin-
ciple, it is possible to determine the entire transfer function
for a linear system from an accurate sample of its ampli-
tude and phase function over a limited range. This
implies that the separate responses of the component
mechanisms may be reconstructed from the threshold re-
sponses of parallel, independent mechanisms with the
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response of Eq. (20). In practice, noise limitations will
preclude perfect reconstruction. Even so, if the compo-
nent responses are assumed to come from a limited class
of models, it may be possible in some circumstances to
obtain reasonable estimates of the components by fitting
the regions of peak sensitivity with the model parameters.

EFFECTS OF STATIC NONLINEARITIES

In general, static nonlinearities (such as hyperbolic satu-
ration at high amplitudes) will act to distort the subse-
quent form of the VIR and even more of the reconstructed
responses to arbitrary stimuli. It is therefore important
to examine their role in the temporal deblurring paradigm
to evaluate how far they may invalidate the results of the
internal response determination. However, static non-
linearities should have little effect to the extent that psy-
chophysics operates as a constant-criterion detection
procedure. Any static nonlinearity after the stage at
which the output waveform is determined will not affect
detectability, since the criterion output must reach the
same point on this function under all input conditions.
Thus static nonlinearities after the determination of the
temporal response properties should have a negligible ef-
fect on the phase determination.

EFFECTS OF DYNAMIC NONLINEARITIES

Another kind of nonlinearity that may be present in visual
responses is the dynamic or time-varying nonlinearity, in
which the response parameters change as a function of the
history of the stimulus. The most common type is an au-
tomatic gain control (AGC), in which the gain is reduced
as the intensity increases. If it is a feed-forward configu-
ration, this kind of dynamic nonlinearity tends to reduce
the responses to slowly changing stimuli with only mini-
mal effects on their phase. The extent of gain reduction
is then almost independent of the phase shift for stimula-
tion at low temporal frequencies, in violation of the coupled
relationship required of minimum-phase systems. In this
case the only way to determine the response phase is by
direct phase measurement.

Interestingly, an inverse AGC in which the gain in-
creases as the stimulus intensity increases could have a
phase function with less phase shift than the minimum
phase required for its measured amplitude characteristic.
Of course, this does not mean that the VIR would violate
causality but merely that the AGC nonlinearity distorts
the relationship between the measured amplitude charac-
teristic and the VIR.

For some types of dynamic nonlinearity the minimum-
phase amplitude characteristic may be computed from the
phase measurements in an inversion of the usual proce-
dure. Suppose that the overall system response consists of
a rapid minimum-phase VIR on which a slower AGC non-
linearity operates. To the extent that the AGC does not
affect the response phase, the phase measurements consti-
tute an unbiased estimate of the frequency response from
which the true amplitude characteristic corresponding to
the linear VIR may be computed by the Hilbert transform
pair. The ratio of the measured amplitude response to
this linear component then gives the amplitude response
of the AGC nonlinearity itself. This procedure should

be applicable to the phases measured by the complex in-
verse technique, just as with any other technique of phase
measurement.

PSYCHOPHYSICAL TESTS TO VALIDATE THE
EFFICACY OF TEMPORAL DEBLURRING

A simple method to determine whether an ultrabrief (e.g.,
25 ms at full width) internal response has been obtained
by the temporal deblurring procedure is to perform a two-
pulse summation experiment. Two deblurred stimuli
with various durations of onset asynchrony (SOAs) are
added. By linear superposition, the result should be a re-
sponse consisting of two pulses of the form of Fig. 2(b),
3(c), or 10(c), depending on the filtering applied. For very
short SOAs, the responses should superimpose, resulting
in twice the sensitivity for one alone, but by a SOA of only
25 ms they should be completely separate, and threshold
should be elevated to a virtually constant level for all sub-
sequent SOA values. However, significant errors in either
the amplitudes or the phases of the frequency components
making up the compensated stimuli will result in exten-
sive spread of the responses away from this ultrabrief
prediction.

A second approach to validation of the result is to oper-
ate in the frequency domain. The pulse being built up for
the phase measurement paradigm is incomplete until the
end of the procedure. The complete ultrabrief pulse, once
obtained, may be used to validate the phase measurements.
The procedure is simply to take the stimulus designed
to generate the ultrabrief response and add a single-
frequency component at equal amplitude relative to its
threshold sensitivity. The phase measurement procedure
may then be repeated to ensure that the phase of this com-
ponent has been estimated accurately. The same mea-
surements may be made for each frequency component in
turn, added to the complete ultrabrief stimulus to validate
its phase.

A final method to validate the VIR estimate is to use the
ultrabrief response as a probe in the probe-pulse paradigm
of Roufs and Blommaert.4 All the problems of their tech-
nique, described in the second section of the present paper,
arise because the probe has the same form as the VIR that
is being measured. If, however, one obtains an initial es-
timate of the VIR from the complex inverse technique, it
may be used to generate an ultrabrief response that will
provide a probe stimulus that is much more localized in
time than the VIR being measured. The compensated
stimulus may then be used to measure the perturbations
introduced by a stimulus pulse without the problems of
interference from secondary lobes in the probe response.
Moreover, the purity of the ultrabrief response means that
the probe and test responses may be set to be of equal
amplitude, giving a range of variation of 100% rather than
the 20% range to which Roufs and Blommaert were
restricted.

FURTHER APPLICATIONS OF THE
TEMPORAL DEBLURRING PARADIGM

Linearity Tests
There are several ways in which the temporal deblurring
paradigm can be applied to situations beyond the psycho-
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physical determination of the temporal VIR. One is as a
test of linearity in electrophysiological recordings, when
the response to an impulse may be measured explicitly.
This includes the direct recording of slow potential and
single-unit responses from the cortex, as well as electro-
retinography and scalp-evoked potentials in human beings.
If the response is linear, then the response to an impulse
under any specific stimulus conditions defines the VIR.
If, however, the system is nonlinear, the definition be-
comes more complex, since impulses of different ampli-
tudes may produce different responses or there may be
dynamic nonlinearities that mean that the response to im-
pulses does not predict the responses to more elaborate
stimuli. The temporal deblurring paradigm may be used
to test the response linearity by defining the stimulus that
should produce a narrow-pulse electrophysiological re-
sponse as described above. If the deblurred stimulus does
not produce the predicted narrow pulse, there must have
been a nonlinear distortion present, which may be ex-
plored by iterative correction of the stimulus waveform on
the basis of the difference between the predicted and ob-
served output spectra.

Two-Stage Response Analysis
A second application of the deblurring paradigm operates
equally within the domains of implicit (psychophysical)
and explicit (electrophysiological) responses. It is as a
means of investigating a serial system in which the output
of an early stage is accessible by one measure and that of a
later stage is accessible by another measure. Electro-
physiologically, this is simply a question of recording sepa-
rately at the early and later stages (at the eye and the
scalp, for example). Psychophysically, it requires that the
separate outputs be accessible by different psychophysical
tasks. For example, the observer might be required both
to detect a stimulus and to discriminate it from another,
equally detectable stimulus. The stage controlling detec-
tion is presumably earlier than that controlling the dis-
crimination or identification process. In either case, the
deblurring paradigm can be applied to the output of the
first, resulting in an intermediate internal response of a
narrow pulse. This then becomes the input for the follow-
ing stage, which can then be explored by such tasks as
two-pulse interaction experiments to study the segregated
response to the internal narrow pulses without distortion
by the filter properties of the first stage.

Spatial Deblurring
A third application of the deblurring paradigm is in the
spatial domain. In many cases determination of the spa-
tial phase does not present a problem, because the phase is
held to zero for on-axis optical and neural filtering opera-
tions. However, there are several situations in which use-
ful information may be obtained about the spatial phase.
One is when a stimulus is presented at an angle to the
optic axis. In fact, this is the typical case because the
fovea is off the axis of the eye's optics by -5°, so that foveal
images are subject to some degree of spherical and chro-
matic aberration. The spatial deblurring paradigm may
therefore be used to measure the spatial phase shift pro-
duced at each spatial frequency of the image and compen-
sate for it to produce an optimally sharp spatial pulse

stimulus. It is worth noting that these aberrations are
circularly symmetric around the optic axis, so they can be
fully compensated for across the retina by introducing the
phase shift in the form of a circular expansion or contrac-
tion centered on the optic axis, if each spatial frequency is
represented as a circular harmonic of the form proposed
by Kelly.22

A second situation in which the spatial response may be
asymmetric arises when the stimulus has some property
that might select asymmetric processing units in the brain.
One example of such asymmetric selection is in the case of
moving stimuli. If a line stimulus is drifting in one direc-
tion, it may selectively stimulate cells with asymmetric
receptive fields lacking inhibition on the side toward
which the grating is drifting, for example. However, the
phase shift of spatial harmonics for optimal stimulation of
such receptive fields would depend on the size of the
fields, so it would be possible to deblur a motion stimulus
spatially by taking these phase shifts into account. Once
again, the optimal phase for each spatial frequency of a
drifting grating would be measured by the sequential de-
blurring method, and a complex inverse motion stimulus
would be constructed to produce a maximally localized
pulse of perceived motion.

A final example of such asymmetric stimulation arises
from the domain of stereopsis. Stereoscopic stimuli with
large disparities are apparently processed by "near" or
"far" neurons with excitatory input from one eye and in-
hibitory input from the other.23 The fact that the neurons
respond to either near or far stimuli but not to both im-
plies that the inhibitory zone is spatially asymmetric and
that the asymmetry is selected by the stimulus disparity.
The spatial localization of such disparate stimuli could
therefore be optimized by means of the deblurring para-
digm, by setting the phase of disparate frequency compo-
nents to produce optimal depth detection.

CONCLUSION

Complete specification of the temporal response to any
stimulus requires specification of the phases of the compo-
nents making up the visual impulse response. This can be
achieved by a new temporal deblurring technique for mea-
surement of the relative phase shifts of all the frequency
components of the response. The amplitude attenuation
is measured psychophysically by a standard threshold
paradigm and then compensated for by increasing the har-
monic strength in proportion to the visual attenuation.
The phase of each frequency component is then adjusted
to maximize the internal response amplitude. The ampli-
tude and phase values may be converted by inverse
Fourier transformation into the estimated visual impulse
response (VIR) for the particular stimulus conditions.

The significance of this technique is threefold. First, it
can completely characterize the VIR to any stimulus
within any range of linear operation. Second, it can re-
solve longstanding controversies about the VIR derived by
other techniques that do not uniquely specify the function.
Finally, it generates a stimulus that produces the briefest
possible internal response, which may then be used to
study further aspects of visual processing without con-
straint from the early temporal limitations of the visual
response.
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Consideration of various potential artifacts shows that
the complex inverse technique is capable of providing esti-
mates of the VIR's over a wide range of departures from
linearity that might be encountered in human visual
physiology. The particular data obtained to validate the
technique did not conform to the minimum-phase con-
straint, implying that the phase shifts could not have been
derived by any analytic method.

The complex inverse technique is relatively immune to
complexities in the VIR waveform; to psychophysical
probability summation; and to multiple-channel, static,
and dynamic nonlinearities, all of which play a role in the
known response behavior of the visual system. It should
therefore have wide applicability to the measurement of
the temporal properties of human vision under a wide va-
riety of conditions. A number of situations in which the
applicability of the technique to the measurement of spa-
tial phase may be of interest are also identified.

ACKNOWLEDGMENTS

This research was supported by National Science Founda-
tion grant BNS 8511099, by National Institutes of Health
grants EY 6883 and RR 5981, and by the Smith-Kettlewell
Eye Research Institute (SKERI 3.77).

REFERENCES

1. J. R. Fienup and C. Rushforth, Feature issue on signal recov-
ery, J. Opt. Soc. Am. A 4, 102-297 (1987).

2. M. Ikeda, "Temporal summation of positive and negative
flashes in the visual system," J. Opt. Soc. Am. 55, 1527-1534
(1965).

3. H. de Lange, "Experiments on flicker and some calculations
on an electrical analogue of the foveal systems," Physica 18,
935-950 (1952); "Research into the dynamic nature of the
human fovea-*cortex systems with intermittent and modu-
lated light. I. Attenuation characteristics with white and
colored light," J. Opt. Soc. Am. 48, 777-784 (1958).

4. J. A. J. Roufs and F. J. J. Blommaert, "Temporal impulse and
step responses of the human eye obtained psychophysically by
means of a drift-correcting perturbation technique," Vision
Res. 21, 1203-1221 (1981).

5. A. B. Watson, "Derivation of the impulse response: some
comments on the method of Roufs and Blommaert," Vision
Res. 22, 1335-1337 (1982).

6. A. B. Watson, "Probability summation over time," Vision Res.
19, 515-522 (1979).

7. M. J. Mayer and C. W Tyler, "Invariance of the slope of the
psychometric function with spatial summation," J. Opt. Soc.
Am. A 3, 1166-1172 (1986).

8. A. Gorea and C. W Tyler, "New look at Bloch's law for con-
trast," J. Opt. Soc. Am. A 3, 52-61 (1986).

9. H. Bode, Network Analysis and Feedback Amplifier Design
(Van Nostrand, New York, 1945); D. G. Stork and D. S. Falk,
"Temporal impulse responses from flicker sensitivities,"
J. Opt. Soc. Am. A 4, 1130-1135 (1987).

10. J. Z. Levinson, "Impulse response of the human visual sys-
tem," J. Opt. Soc. Am. 58, 1558 (A) (1968); D. G. Stork and
J. Z. Levinson, "Receptive fields and the optimal stimulus,"
Science 216, 204-205 (1982); G. L. Turin, 'An introduction
to matched filters," IRE Trans Inf. Theory IT-6, 311-329
(1960).

11. M. A. Bouman and G. van den Brink, "On the integrative
capacity in time and space of the human peripheral retina,"
J. Opt. Soc. Am. 42, 617-620 (1952).

12. C. Rashbass, "The visibility of transient changes of lumi-
nance," J. Physiol. 210, 165-186 (1970).

13. A. B. Watson and J. Nachmias, "Patterns of temporal interac-
tion in the detection of gratings," Vision Res. 17, 893-902
(1977).

14. J. R. Bergen and H. R. Wilson, "Prediction of flicker sensitivi-
ties from temporal three-pulse data," Vision Res. 25, 577-
582 (1985).

15. J. Z. Levinson, "Fusion of complex flicker II," Science 131,
1438-1440 (1960); "Nonlinear and spatial effects in the per-
ception of flicker," in Proceedings of the Symposium on the
Physiology of Flicker, H. E. Henkes and L. H. van der Tweel,
eds. (Junk, The Hague, 1964).

16. C. W Tyler, "Two processes control variations in flicker
sensitivity over the life span," J. Opt. Soc. Am. A 6, 481-490
(1989).

17. C. W Tyler and R. D. Hamer, 'Analysis of visual modulation
sensitivity. IV Validity of the Ferry-Porter law," J. Opt.
Soc. Am. A 7, 743-758 (1990).

18. W H. Swanson, T. Ueno, V C. Smith, and J. Pokorny, "Tem-
poral modulation sensitivity and pulse detection thresholds
for chromatic and luminance perturbations," J. Opt. Soc.
Am. A 4, 1992-2005 (1987).

19. D. H. Kelly, "Frequency doubling in visual response," J. Opt.
Soc. Am. 56, 1628-1633 (1966); C. W Tyler, "Observations on
spatial-frequency doubling," Perception 3, 81-86 (1974);
D. H. Kelly, "Nonlinear visual responses to flickering sinus-
oidal gratings," J. Opt. Soc. Am. 71, 1051-1055 (1981).

20. A. B. Watson, "Temporal sensitivity," in Handbook of Percep-
tion and Human Performance. I: Sensory Processes and
Perception, K. R. Boff, L. Kaufman, and J. P. Thomas, eds.
(Wiley, New York, 1986), Chap. 6.

21. S. Scheiting and L. Spillmann, "Flicker adaptation in the pe-
ripheral retina," Vision Res. 27, 277-284 (1987); J. P. Harris,
J. E. Calvert, and R. S. Snelgar, 'Adaptation to peripheral
flicker: relationship to contrast detection thresholds,"
Vision Res. 30, 381-386 (1990).

22. D. H. Kelly, "Retinal inhomogeneity. I. Spatiotemporal
contrast sensitivity," J. Opt. Soc. Am. A 1, 107-113 (1984).

23. G. Poggio and B. Fischer, "Binocular interaction and depth
sensitivity in striate and prestriate cortex of behaving rhesus
monkeys," J. Neurophysiol. 40, 1392-1407 (1977); G. Poggio,
F. Gonzalez, and F. Krause, "Stereoscopic mechanisms in
monkey visual cortex: binocular correlation and disparity
selectivity," J. Neurosci. 8, 4531-4550 (1988).

Christopher W Tyler


