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Phase discrimination of compound gratings: generalized
autocorrelation analysis
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The Julesz paradigm involving statistical constraints for the study of texture discrimination is extended to
continuous-contrast repetitive patterns by using nth-order autocorrelation functions rather than Julesz's nth-order
statistics. Second-order autocorrelations specify the power spectrum of the pattern, and the higher-order autocor-
relations specify different levels of phase relationships in the pattern. A method is presented for generating
patterns with statistical constraints of any order, in one and two dimensions. We show that, without scrutiny by
foveal attention, discrimination of continuous textures fails at about the level of fourth-order constraints. An
explanation for this failure based on the bandwidth of spatial-frequency-tuned mechanisms is excluded. The
autocorrelation approach therefore may provide a general metric for the description of phase discrimination of
repetitive textures.

During the past decade, a quantitative theory of visual de-
tection has been developed. This standard model, based on
the pooling of multiple linear mechanisms of different
sizes,1' 2 can successfully predict the results of many detec-
tion experiments in both one and two3 dimensions. Dis-
crimination experiments, the subject of the present paper,
are another matter, and no general model can yet successful-
ly deal with the wide variety of discrimination tasks. With
practice and scrutiny, the observer becomes highly sensitive
to a particular cue, so that only a small subset of mechanisms
selective for various stimulus attributes may be responsible
for setting the discrimination thresholds.4 Any model of
suprathreshold visual discrimination that is based on under-
lying mechanisms must be able to determine which of the
mechanisms are optimal for the particular conditions of a
given experiment.

In the present paper a different approach to supra-
threshold discriminations is taken. We examine phase dis-
crimination under conditions in which scrutiny is minimal.
Under these conditions, the precise location of the local cues
becomes less important. Rather than developing a model
based on the underlying localized mechanisms and their
interactions, we examine a global formalism for classifying
the salience of the phase cue within any given pattern. An
analogy with physics may be helpful. One can understand
the structure of crystals either by analyzing the detailed
forces that control the crystal's growth or by using group
theory to classify the types of possible crystals. Our ap-
proach is similar to the latter.

We investigate the applicability of higher-order autocor-
relation functions for quantifying the strength of the phase
cue in compound gratings. The autocorrelation formalism
is reminiscent of Julesz's statistical formalism 5 for classify-
ing texture discrimination. The next section will clarify in
detail the difference between Julesz's statistics and autocor-

relation statistics. Since our approach closely follows that
of Julesz, it is helpful to summarize his findings.

Julesz's first-order statistic is the relative probability of
occurrence of any gray level, and his second-order statistic is
the relative probability of occurrence of pairs of gray levels
separated by all possible distances. In a large number of
cases, differences in first-6 and second-order statistics of a
texture are easily discriminable as differences in density,
granularity, or orientation. In their early work, Julesz et al.
showed that, in general, it is difficult to distinguish textures
on the basis of differences in third-order statistics (based on
trios of gray levels).7 This led to his early conjecture that
the visual system processes textures only on the basis of
second-order statistics.

In later work7 -'0 Julesz and co-workers found some coun-
terexamples to his second-order conjecture. They found a
series of iso-second-order, even iso-third-order, textures
that could be discriminated on the basis of local, conspicu-
ous features, such as elongated blobs of various extents and
orientations7 (as suggested by one of us, Tyler). Julesz"
and Bergen and Julesz12 later named these local features
textons. The discriminability of iso-second- and iso-third-
order textures could be based on detecting density differ-
ences in the textons.

Our approach, based on autocorrelation functions, is com-
plementary to the Julesz approach: (1) The autocorrelation
functions apply fairly weak constraints and are applicable to
continuous-tone images. The Julesz statistics provide
much stronger constraints and are useful only if there is a
limited number of gray levels (usually the gray levels are
restricted to two: black and white). The difference in con-
straint power is such that there are many patterns with
identical second-order autocorrelation functions that have
quite different second-order Julesz statistics. (2) Equality
of Julesz statistics between two patterns is broken by a linear
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filtering operation (such as the optical blur function), and
the equality is immune to a local nonlinearity. Equality of
autocorrelation statistics, on the other hand, can be de-
stroyed by nonlinearities but is immune to filtering. The
susceptibility of Julesz statistics to spatial filtering may pro-
vide an explanation for the presence of particular textons,
since two patterns that have equal first- (or second-) order
Julesz statistics before the filtering would no longer have
equal statistics after the filtering. The presence of elongat-
ed textons may thus be due to the operation of elongated
linear filters in the visual system. As pointed out by Julesz 1

the output of these filters would have different first-order
statistics. We show, on the other hand, that the autocorre-
lation statistics are not differentially altered by linear filters.

Since the autocorrelation constraints are much weaker
than the Julesz statistic constraints, it might be expected
that the former are too weak to be useful. Indeed, there is a
large class of discriminable patterns with iso-third-
order autocorrelations, whereas there are only few textons of
iso-third-order Julesz statistics. However, as will be dis-
cussed, we have not yet found any easily discriminable pat-
terns with iso-fourth-order autocorrelations, just as is the
case with Julesz statistics. Thus, even though the autocor-
relation constraints may be weak, they are strong enough to
provide a powerful method for analyzing phase discrimina-
tion. It is somewhat ironic that after Julesz had modified
his statistical approach to texture discrimination in favor of
his texton approach, we are able to resurrect a statistical
approach for a different domain-that of phase discrimina-
tion of compound gratings.

STATISTICAL ANALYSIS

The integration is performed over the full two-dimensional
pattern. For example, the second-order statistic S3,2(0, d2)
gives the probability of finding gray levels 3 and 2 separated
by the vector d2. Similarly, the third-order statistic S2,1,1(0,
d 2, d3) gives the probability of finding gray level 1, twice,
offset by distances d2 and d3 from gray level 2. There are (K
- 1)" nth-order statistics for K gray levels. For the second-
order statistic with three levels, there are four independent
statistics: S11(0, d), S 2(0, d), S 21 (0, d), S22(0, d). The
statistics involving level 3 are redundant and can be ob-
tained from Eq. (1) by using p3(r) = 1-pl(r) - p2(r). For
example,

S13(0, d) =J J pl(r)p 3(r + d)dr/J J dr

= J J pl(r)[1 - pl(r + d) - p 2 (r + d)]dr/f J dr

= S1(0) - S11(0, d) - S12(0, d). (3)

We would like to extend the Julesz paradigm of texture
discrimination to textures with a continuum of luminance
values. The original Julesz formulation must be modified in
order to allow sufficient flexibility in generating patterns.
With continuous luminance values it is difficult to find two
different patterns (ignoring translations and reflections)
with the same second-order statistics. There would be too
many constraints since the correlation properties of each
pair of gray levels would be fixed.

In order to handle multiple luminance levels, we introduce
the luminance function L(r) giving the luminance at each
point r. The luminance function can be related to pk(r) by
summing over the possible luminance values at the location

Relationship between Autocorrelation Functions and
Julesz Statistics
Consider a pattern with three levels of luminance or gray
levels. The pattern can be specified in terms of three func-
tions pk(r), where k (which can have a value of 1, 2, or 3)
specifies one of the gray levels and r is a two-dimensional
vector (x, y) in spatial coordinates representing the stimulus
space. The function pk(r) takes on the values 0 or 1. It is
unity if the location r has the gray level k, and otherwise it is
zero. Thus pk(r) is a projection operator that selects all the
points that have a particular gray level. Since each point
can have only one gray level, the sum of the projection
operators over all the gray levels must be unity:

K

Zp4 (r) = 1, (1)
k=1

where K is the number of gray levels.
Julesz defines the nth-order statistic to be the probability

for n particular gray levels to have a given separation. Ju-
lesz's nth-order statistics are the cross-correlation functions
(not autocorrelation functions) between the particular lumi-
nance projection operators pki(r + di) and are given by the
following integral:

Sk,,.. .k (dl, . . . dn) = Jf1Pk(r + di)dr/J J dr. (2)

K

L(r) = 1 Lkpk(r)
k=1

= J LPk(r)dk

for discrete levels

for the continuous case, (4)

where Lk is the luminance of the kth level. We can now
define the two-dimensional autocorrelation statistics as the
average of products of shifted luminance functions, shifted
by the offsets di:

An(d1.... d) = J fJ L(r + di)dr/J J dr. (5)

Autocorrelation statistics can be related to Julesz statis-
tics by plugging Eq. (4) into Eq. (5) and using the orthogo-
nality of the projection operators

n

An(d,... d) = J LkiSk...kn(dl,. .. dn)dkl .. dkn

for continuous levels

n

- I| LkiSk,...kn(dl,... d)
ki i=1

for discrete levels. (6)

Equation (6) shows that the autocorrelation statistic is the
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mean of the Julesz statistic. Two patterns have the identi-
cal first-order autocorrelation statistic if they have the same
average luminance. For the case in which there are only two
luminance levels (as in much of Julesz's work), the autocor-
relations are identical to the Julesz statistics, as can be seen
by defining the lower level to have zero luminance and the
upper level to have unity luminance. The autocorrelations
and the Julesz statistics depart from one another in the
multilevel case in which there are far fewer autocorrelation
functions than Julesz statistics. Thus the constraint that
two multilevel textures have identical second-order statis-
tics may be a very rigid constraint in terms of Julesz statis-
tics but a weaker constraint in terms of autocorrelation sta-
tistics.

Fourier Analysis of Textures
In order to apply the autocorrelation approach, we must first
discuss the statistics of textures in the Fourier domain. We
define a visual texture in general as any pattern that has a
large number of elements that are specified by a uniform
statistical constraint across the whole image. Examples of
natural textures are pictures of hair, fences, leaves, bricks,
bark, and complex tile patterns. A sufficient way to guaran-
tee the spatial uniformity condition is to choose textures
that are perfectly repetitive, forming a limited subclass of all
textures. Repetitive textures are special in having a con-
stant phase relationship among a limited number of spatial-
frequency components. This paper is focused on such re-
petitive textures.

In Appendix A we derive the following expression [Eq.
(A7)] for the Fourier transform of the nth-order statistic
A,(fl, ... f-,) in terms of the Fourier transform of the
pattern's luminance distribution L(f):

An(f... f.-1) = L(f1+ ... + fn-_.)L(f1) ... L(f-,). (7)
For the remainder of this paper any reference to nth-order
statistics refers to autocorrelation statistics. Our general
method for generating a pair of textures with identical first
through nth order is as follows: (1) Choose a pattern whose
component spatial frequencies are specially chosen such
that the third- through nth-order statistics vanish (except
for diagonal elements that are products of second-order au-
tocorrelations) owing to the vanishing of L*(f1 + . fn- 1) in
Eq. (7). Further details are presented in the section headed
Results. (2) Shift the phases of the different components to
generate pairs of textures to be discriminated. Phase shifts
leave the first- and second-order statistics unchanged. The
phase shifts would have altered the third- through nth-order
statistics, but these vanished by step (1).

As mentioned earlier, one of the advantages of the auto-
correlation statistics is that, according to our method for
choosing pairs of textures, if the pair had equal nth-order
autocorrelation before spatial filtering then it will have
equal nth-order autocorrelations after spatial filtering.
This is because for n > 2 the patterns were matched by
choosing the nth-order off-diagonal autocorrelations to van-
ish. In the Fourier domain the application of a spatial filter
is equivalent to a multiplicative operation. Thus the fil-
tered pattern also has vanishing third- through nth-order
autocorrelations. For n = 2 the spatial filter attenuates the
magnitudes of the matched Fourier component of the two
iso-second-order patterns by the same amount, and the

phase changes that are produced are irrelevant since the
phase cancels out of the second-order autocorrelation.
Even though the filter may attenuate the magnitude of vari-
ous Fourier components differently, the resultant magni-
tudes are still the same in the two patterns.

ANALYTICAL AND EMPIRICAL RESULTS

Second-Order Textures
Two textures are called a pair of second-order textures if
they have identical first- and second-order, but different
third-order, autocorrelation functions. The first-order au-
tocorrelation is the mean luminance Al = L(0) [see Eq. (A5)
of Appendix A], which is the zero-frequency point of the
Fourier transform of the luminance. The second-order au-
tocorrelation is the power density given by A2(f) = L(f)L* (f)
[Eq. (A6)]. A pair of second-order textures can be generat-
ed, starting from any texture, by shifting the phases of the
Fourier components arbitrarily to form the second texture
with the same amplitude spectrum, since A1 and A2(f) are
independent of the phases. The vast number of discrimina-
ble second-order textures that can be obtained by this Fouri-
er method makes it unnecessary to give examples. Unlike
the case for Julesz statistics, the second-order autocorrela-
tion constraint is too weak to place a meaningful restriction
on texture discrimination.

The following explorations were done in order to deter-
mine which order of constraint based on autocorrelation
functions is able to place a meaningful restriction on texture
discrimination.

Third-Order Textures
One way to generate a pair of third-order textures (iso-first-,
iso-second-, and iso-third-order autocorrelations) is to ar-
range for the third-order statistics in the texture to vanish,
in which case they are equal at zero. From Eq. (7), the
Fourier transform of the third-order statistic is given by the
product of three Fourier components of the texture:

3

A3 (f0, f2 ) = J7 L(fi),
L=1

where f, + f2 + f3 = 0,

= L*(f1 + f2)L(fO L(f 2). (8)

Thus the third-order statistic will vanish if, for every pair of
components at f, and f2 present in the texture, the compo-
nent at the sum frequency f + f2 is removed from the
pattern. Hence, if L(f1) s' 0 and L(f2) 0 0, then L*(f1 + f2)
= so that A3(f1, f2) = .

A pair of third-order textures based on the first three
harmonics of a square wave is shown in Fig. 1. These were
generated at the Jet Propulsion Laboratory Image Process-
ing Laboratory using 450 X 450 points X 256 gray levels for
each texture. The intervening gray bands are at the mean
luminance of the textures. The luminance distributions are
given by

cos x - 1/3 cos 3x + 1/8 cos 5x (Fig. 1, left panel),

cos x + 1/3 cos 3x + 1/8 cos 5x (Fig. 1, right panel). (9)

The amplitude of the fifth harmonic is less than that re-
quired for the square-wave Fourier series to make a smooth-
er transition to zero amplitude for the higher harmonics.
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Fig. 1. These third-order luminance gratings are composed of the
first, third, and fifth harmonics. The left-hand panel is in square-
wave phase (edges-add) and the right-hand panel is in triangle
phase (peaks-add).

The patterns shown in Fig. 1 have vanishing third-order
statistics since sums and differences of pairs of the pattern's
components (1, 3, 5) produce only even harmonics (2, 4, 6, 8,
10). Since the pattern does not contain even harmonics it is
a third-order texture [from Eq. (7)].

To ensure that the discrimination is based on preattentive
perception rather than foveal scrutiny, the patterns should
be viewed by fixating the central gray strip. The dramatic
perceptual difference between the two patterns in Fig. 
makes it clear that, even with identical third-order statistics,
the relative phases of the harmonics are a strong cue for
texture discrimination. Note also the interesting perceptu-
al reversals in the triangle-wave pattern when it is perceived
as a three-dimensional relief. One percept corresponds to a
peaks-add (triangular-wave) profile illuminated directly
ahead, whereas other percepts correspond to a peaks-sub-
tract (square-wave) profile illuminated from either the left
or the right. No such illusion occurs in the left panel, thus
providing further evidence of the perceptual difference be-
tween the two panels.

Position Discrimination versus Envelope Discrimination
When considering patterns consisting of three or more close-
ly spaced harmonics, variations of the relative phases may
often be considered in two ways that are perceptually dis-
tinct: variation of the relative positions of notable features
in the texture and variation in the envelope of modulation.
These differences are illustrated in Fig. 2, which shows
third-order textures based on third, fourth, and fifth har-
monics (corresponding to a major chord in the musical
scale). The first three frames are examples of amplitude-
modulated (AM) gratings. In the upper left panel of Fig. 2,
the trough of the grating coincides with the beat maximum;
in the upper right panel of Fig. 2, the peak of the grating
coincides with the beat maximum; and in the lower left panel
of this figure, the zero crossing coincides with the beat maxi-
mum. The lower right panel of Fig. 2 is a quasi-frequency-
modulated (quasi-FM) pattern rather than an AM pattern.
The precise luminance profiles of Fig. 2 can be written as

-cos 3x- cos 4x-cos 5x
cos 3x + cos 4x + cos 5x

-sin 3x - sin 4x - sin 5x
cos 3x + sin 4x + cos 5x

ing the center of the interposed gray strips. These three
patterns are readily discriminated from the quasi-FM pat-
tern (Fig. 2, lower right panel) under the same viewing condi-
tions. We will show how the nonvanishing fourth-order
autocorrelation function can account for this pattern of
phase discrimination [see discussion of Eq. (26)].

In order for a multicomponent pattern to have either an
AM or a quasi-FM characterization, pairs of Fourier compo-
nents must have equal spacing. That is, f 3 - f2 = f2-fl. In
the next subsection we demonstrate that the fourth-order
constraint eliminates such patterns and thereby abolishes a
strong cue for phase discrimination.

Fourth-Order Textures
This subsection will show that it is possible to choose tex-
tures in which the third- and fourth-order statistics vanish,
permitting the generation of pairs of fourth-order textures.
The Fourier transform of the fourth-order statistic is

A4(fl, f 2, f3) = L*(f1 + f2 + f3)L(f1)L(f2)L(f3). (11)

The diagonal terms (pairs of fi that sum to zero) are guaran-
teed to be independent of phase since, for example,

A4(fl,-fl, f3) = +[L*(f3)L(f3)][L*(f9)L(fi)]. (12)

The relationship L*(f) = L(-f) is true for any real function
L(r). The off-diagonal terms will vanish if there is no spec-
tral component at f4 = Z fi, where the fi are any choices of
components of the texture. The condition for a fourth-
order texture is thus equivalent to the statement that the
texture does not have any four components that satisfy the
constraint

fl ± f2 ± f3 ± f4 = 0, (13)

with f, + fj 0. The reason for the presence of both + and
- in Eq. (13) is that, whenever a component is present at f,
there must be an equal component at -f. Continuous spec-
tra are not possible for pairs of fourth-order patterns, where-
as they are for pairs of third-order patterns. Indeed, it is not
even possible to have three equally spaced components, for
the condition f2 - f1 = f3 - f2 is excluded by Eq. (13). This

(Fig. 2, upper left panel),
(Fig. 2, upper right panel),
(Fig. 2, lower left panel),

(Fig. 2, lower right panel).

(10)

The AM textures in Fig. 2 (upper left, upper right, and
lower left panels) all have identical envelopes, and, although
they appear different on direct viewing, discrimination be-
comes difficult when foveal scrutiny is eliminated by fixat-

Fig. 2. These third-order gratings are composed of the third,
fourth, and fifth harmonics. The upper left, upper right, and lower
left panels are in AM phase and the lower right panel is in FM phase.
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Fig. 3. These fourth-order gratings are composed of a first, a
fourth, and an eleventh harmonic. Each of these four panels pre-
sents a different phase relationship between the components.

constraint eliminates the possibility of either AM or quasi-
FM patterns.

An example of a one-dimensional pattern that satisfies the
fourth-order constraint [Eq. (13)] is shown in Fig. 3. Each
panel in the figure has three components (1: + 4 + 11).
These patterns are fourth order because, for all pairs and
trios of positive and negative components, there are no com-
ponents at their sum, i.e., at frequencies of 2, 3, 5, 6, 7, 8, 9,
10, 12, 13, 14, 15, 16, 18, 19, 21, 22, 23, 26, or 33. The phase
relationships of the gratings in Fig. 3 are given by

cos x + cos 4x + cos 11x

- cos x - cos 4x - cos 11x

sin x + sin 4x + sin 11x

cos x + sin 4x + cos 11x

(Fig. 3, upper left panel),
(Fig. 3, upper right panel),
(Fig. 3, lower left panel),
(Fig. 3, lower right panel).

(14)

These phases were chosen in an effort to select maximally
discriminable patterns. With careful scrutiny it is possible
to pick out the thin white maximum (upper left panel of Fig.
3) and the black minimum (upper right panel of Fig. 3).
However, these features are difficult to discern when fixat-
ing between the panels. An experiment to examine the
nondiscriminability of other one-dimensional fourth-order
textures is described later in this paper.

To test fully the discriminability of fourth-order textures,
it is necessary to use two-dimensional textures, where the
number of components can be greater than for one-dimen-
sional textures. A computer was used to generate many sets
of components that satisfied the constraint given by Eq.
(13). Figure 4 shows a set of four fourth-order textures each
with the same 12 spectral components. The 12 spectral
components are given by (0, 1), (1, 0), (± 2, 4), (4, 2), (11, 0),
(0, 11), (7, 7), (10, 10). The notation (a, b) indicates the
presence of a term cos(ax + by), a sinusoidal grating, in the
texture. The notation (a, b), on the other hand, indicates
the presence of a sinusoidal-checkerboard constituent whose
components are given by 0.5[cos(ax + by) + cos(-ax + by)].
The 12 components of the texture in Fig. 4 were carefully
chosen so that none of the components could be written as
the sum or difference of pairs and trios of other components.

The fourth-order constraint is so strong that the addition of
any new harmonic of the form (a, b) for a < 10 and b < 10
would reduce the order of the texture. If, for example, the
component (9, 5) were added to the 12 components already
present, then the texture would become third order instead
of fourth order. Each of the eight constituents of Fig. 4 has a
contrast of 4% (and each of the checkerboard Fourier compo-
nents has a contrast of 2%), so the maximum contrast is less
than 40%. The components for the upper left panel of Fig. 4
have peaks-add phase, the upper right panel has peaks-
subtract phase, and the lower left panel has sine phase. The
phases for the lower right panel are 0, ±90, or 180 deg chosen
randomly in an effort to minimize the maximum contrast of
the texture. One might have expected that the presence of a
large number of visible components would contribute to a
large difference in the appearance of the phase-coherent
versus the phase-incoherent patterns. No such difference is
readily perceived.

In summary, with close scrutiny it may be possible to
discriminate textures of high order. If, however, scrutiny is
minimized by flashing the pattern outside the fovea, then it
is quite difficult to discriminate pairs of fourth-order tex-
tures. We have been totally unable to discriminate pairs of
fifth-order textures without recourse to scrutiny.

Two-Component Textures: Analysis
This subsection reexamines the implications of nth-order
statistics by studying the simplest set of experiments:
phase discrimination of two-component gratings.13 A tex-
ture consisting of a first plus nth harmonic [see Eq. (16)] will
be labeled (1 + n). A pair of such patterns with different
relative phases is classified as an nth-order texture pair,
since these kinds of pairs have vanishing (equal) third-
through nth-order autocorrelation functions, and the first
and second orders are equated by maintaining constant con-
trast (power density) of the two components.

For example, consider the two-component luminance
function for the case in which f = 1 cycle/degree (c/deg) and
f2 = 3 c/deg:

Fig. 4. The spectral components are given in the text. The upper
left and upper right panels have peaks-add and peaks-subtract
phase, the lower left panel has edges-add phase in order to maximize
local contrast, and the lower right panel has scrambled phases in
order to minimize the maximum local contrast.
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L(x) = Lo + a cosfix + b cos(f 2x -p)

= Lo + a cos fix + (b cos $)cos 2x - (b sin so)sin f 2x.

The Fourier transform of this expression L(f) is given by

L(O) = Lo,

L(1) = L(-1) = L*(1) = a,

L(3) = L*(-3) = b(cos sp + i sin s),
L(-3) = L*(3) = b(cos p)- i sin s),

and L(f) vanishes for all other frequencies.
The first-order autocorrelation [Eq. (A5)] is Al = Lo,

which is independent of the phase o. The second-order
autocorrelation, from Eq. (A6), is A2(1) = a2, A2(3) = b2, and
zero at all other frequencies. These values are independent
of phase s, and so the second-order autocorrelations are
equalized.

Equation (A7) gives the third-order autocorrelation A3(fi,
fj). For example, A3(1, 3) = 0 because the luminance func-
tion L(x) does not have a component at 1 + 3 = 4 c/deg,
which would be necessary for L*(1 + 3) in Eq. (A7) to exist.
Similarly, A3(1, 1) = 0 because there is no component at 1 + 1
= 2 c/deg. The autocorrelation term A3(1, -1) = Loa 2 is
independent of phase plus therefore does not contribute to
discrimination between two patterns.

However, for the first- plus third-harmonic pair of our
example, fourth-order autocorrelation terms A4(fl, f2, f3) do
exist, even excluding pairwise cancellations within Eq. (A7)
[as specified in Eq. (13)]. Thus A4(1, 1, 1) = a3b(cosp - i sin

All other combinations of the two components do not exist
because there are no components at the sum of arguments
(+2, ±5, ±7, ±9), except in the cases of pairwise cancella-
tions such as

A 4 (3, 1, -1) = A 4(3, -3, 1) = a b ,

which are independent of phase.

Two-Component Textures: Experiments
The experiments utilized a 5 X 6 field with a mean of 30
cd/M2. The same mean luminance was maintained before
and after the test grating, which appeared with a rectangular
temporal envelope. The high-frequency harmonic was al-
ways at 12 c/deg. The lower harmonic was varied to obtain
the appropriate harmonic ratio, from 6 c/deg for a 2:1 ratio to
2.4 c/deg for a 5:1 ratio. These changes in the lower harmon-
ic spanned the peak spatial-frequency sensitivity at 4 c/deg.
The objective contrast of the 12-c/deg component (10%) was
chosen to be twice the contrast of the lower component (5%)
so that the two components had roughly equal contrast in
relation to threshold.

It was important to use low-contrast stimuli because the
retina performs an approximately logarithmic transform on
luminance variations. This would introduce harmonic dis-
tortion into the signal, destroying the statistical control that
we had imposed on the simulus. At a total of 15% objective
modulation (5% for the fundamental and 10% for the 12-
c/deg higher harmonic), the magnitude of a logarithmic dis-
tortion corresponds to a modulation of 1%, which should be
close to threshold. The use of moderately low-contrast

stimuli therefore avoids the problem of distortion and re-
tains the statistical constraints in the signal beyond any
logarithmic transform. The possibility of nonlinear distor-
tion will receive further consideration in the Discussion sec-
tion.

The experimental task was to discriminate between
peaks-add and peaks-subtract phase. The results of the
first experiment are shown in Fig. 5 for two observers, plot-
ted in terms of z scores (standard deviations of the normal
distribution obtained from the probability of correct phase
discrimination) as a function of the order of the texture.
For the easily discriminable textures (in which the probabil-
ity correct was better than 80%) 50 trials were used, whereas
100 trials were used for the less-discriminable textures.
Three conditions were run: (1) full field, 50-msec exposure
duration; (2) full field, 100-msec exposure; and (3) peripher-
al field, 100-msec exposure. This last condition was pro-
duced by fixating the center of a 1-deg-diameter patternless
spot placed in the middle of the texture.

The results show that, with the fovea occluded, excellent
performance was possible for second-order (1 + 2) textures,
whereas performance dropped to chance by the fourth order
(1 + 4). Third-order (1 + 3) textures were correctly dis-
criminable between 80 and 90% of the time. When foveal
viewing was permitted, phase discrimination was much easi-
er, with near-perfect performance on third-order patterns
and good performance on fourth-order patterns, although
the fifth order was near chance. Lawden'4 has reported
similar results for foveal viewing. Stephenson and Brad-
dick 5 have also found degradation of phase discrimination
in the periphery, even after the stimuli are appropriately
scaled in size. The exposure duration did not seem to have a
large effect on the discriminability. It appears that exclud-
ing the central 1 deg is more effective in reducing scrutiny
than is the reduction in exposure duration.

The results of a second experiment are shown in Fig. 6.
The central 1.5 deg of visual field were blocked. Three
contrast levels were tested: (1) the same levels as in the
previous experiment (10% for the higher harmonic and 5%

PHASE DISCRIMINATION OF TWO SINUSOIDS

0
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0

3

2
LJ

0-0
U

I I~

0

n" HARMONIC
Fundamental 5% contrast
nth harmonic 10% contrast, 12 c/deg.

Fig. 5. Phase discrimination of a fundamental plus nth harmonic
for two observers. The harmonic n is on the abscissa. The data
points (e.g., peripheral viewing of a first plus a second harmonic),
which are plotted at 99.5% correct, are actually 100% correct. The
upper component was 12 c/deg.
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Results with Nonvanishing Autocorrelations:
Dependence on Reference Phase
So far, the autocorrelation analysis has been all or nothing
since we have related phase discrimination to the vanishing
of nth-order autocorrelation functions. In previous sections
we showed that a pattern with vanishing third- and fourth-
order autocorrelations is very hard to discriminate from a
phase-shifted pattern with the same second-order autocor-
relations. In this section a different question is examined:
In patterns with nonvanishing third- or fourth-order auto-
correlations, why are particular phase combinations harder
to discriminate than others? We examine the hypothesis
that the zero-shift autocorrelation function plays a special
role in these particular phase discriminations. The nth-
order zero-shift autocorrelation function is given by Eq. (5)
with di = 0:

0

LU

0
0 0U)N~

4/3 3/2 2 3 4 5 6
HARMONIC

Fig. 6. Phase discrimination of two sinusoids. The symbols 1, m,
and h represent three contrast levels as indicated. The abscissa
gives the frequency ratio of the two components. The higher com-
ponent was always 12 c/deg.

Zn = J J [L(r)]dr/ J dr, (15a)

where the two-dimensional luminance pattern L(r) is raised
to the power n to obtain the nth-order statistic. For the
one-dimensional case, L(x, y) is independent of y, allowing
the y integration to be performed. In this case

Z = J [L(x)]ndx/ dx. (15b)

Consider the two-component one-dimensional pattern
L(x) given by

L(x) = 1 + c, cos(fx) + cn cos(nfx + so).

for the lower harmonic-a total of 15%), (2) a total contrast
of 30% (each component was doubled), and (3) a total con-
trast of 90%. The luminance and timing (100 msec) were the
same as in the preceding experiment. The low-contrast
results were almost a replication of one of the conditions
shown in Fig. 5. The only difference is that the detectability
of the third-order texture was lower, possibly because of the
larger central occluder in the present experiment. Increas-
ing the contrast markedly improved the discriminability of
the phase of the third harmonic in the third-order texture
but not of higher-order textures.

Also shown in Fig. 6 are data for pairs of gratings with
fractional harmonic relations in which beats are present: 12
+ 8 c/deg and 12 + 9 c/deg. The former pattern can be
shown to be a fourth-order texture and the latter a sixth-
order texture. Both observers did reasonably well on the (8
+ 12) discrimination at the medium and high contrasts but
much more poorly on the (9 + 12) discrimination. The (8 +
12) discrimination was poor at low contrasts. The discrimi-
nation may have been aided by a nonlinear distortion since a
nonlinearity would produce a grating at the beat frequency
whose presence would convert the patterns to second-order
textures. However, if a distortion product at 4 c/deg were
responsible for the (8 + 12) discrimination, it might be
thought to be equally helpful in the (9 + 12) pattern in which
the beat frequency at 3 c/deg would convert the (9 + 12)
pattern from a sixth-order texture to a second-order texture.
In fact, the (9 + 12) discrimination was close to chance,
illustrating the power of the statistical description in pre-
dicting a loss of discrimination as the order is increased from
fourth to sixth.

(16)

An overall constant luminance factor is not present since the
visual system is insensitive to mean luminance. For this
nth-order texture, the lowest-order autocorrelation function
that depends on the phase so is of order n + 1. By using the
formula

J cos 0 cos nOd/ dO = 2, (17)

the zero-shift autocorrelation function Zn+j becomes

Zn+ = 2-nClnCn COS So + (terms independent of so). (18)

Two-Component Patterns and the Third-Order
Autocorrelation Function
Consider the simplest second-order texture: a first plus
second harmonic given by

1 + C1 cos(fx) + c2 cos(2fx + so). (19)

Field and Nachmias16 measured the contrast threshold (2)
for discrimination between the phases so - 900 and so + 900
for a wide range of base phases s. They found that the
threshold for a base phase of so = 900 (peaks-add versus
peaks-subtract) was half the threshold for so = 0 (right
sawtooth versus left sawtooth). These four patterns are
shown in Fig. 7A.

For the two-component pattern given by expression (19),
the autocorrelation functions up through second order are
independent of phase. The third-order zero-shift autocor-
relation function is phase dependent:

Z3 = (1/8)ClC22 cos(so + (terms independent of sp). (20)
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Fig. 7. A, Four phase relationships of a second-order compound
grating consisting of a first plus a second harmonic given by cos x +
cos(2x + a). From top to bottom the phases are s = 00, 1800,-90°,
+900. B, Four phase relationships of the second-order pattern
given by 1/2 cos(x + so) + cos 5x(1 + cos x). From top to bottom the
phases are so = 00, 1800, -90°, +900. C, The waveform of the four
third-order patterns of Fig. 2. The luminances given by Eq. (7) are
cos(4x + ,pl) + 2 cos(4x + sPl + 02)cos(x). From top to bottom the
phases are (l, 2) = (180°, 00), (00, 00), (90°, 00), and (-90°, 900).
The first three phases are AM gratings, and the bottom waveform is
quasi-FM.

Let us suppose that the phase discriminability of two pat-
terns is dependent on the difference between the two pat-
terns' zero-shift autocorrelations. From Eq. (20) the 1800
phase discrimination should be easiest when the base phase
is so = 90° [the change in Z 3 would be (1/4) clc22] and most
difficult when the base phase is so = 900 (the change in Z 3

would be zero). This result agrees with that of Field and
Nachmias.1 6

Two-Component Patterns and the Fourth-Order
Autocorrelation Function
Phase-dependent results similar to those of Field and Nach-
mias16 were recently reported by Rentschler and
Treutwein'7 in peripheral vision, using a first plus third
harmonic given by

L(x) = 1 + c1 cos(fx) + c3 cos(3fx + som ± so) (21)

where som is the mean phase. This is an iso-third-order
texture with autocorrelations equal up through third order.
The observer's task was to discriminate between the -so and
+so test phases. With both foveal and peripheral viewing
(eccentricity = 2 deg), phase discrimination was possible for
som = 900. This result is similar to our finding in Figs. 5 and
6 for peaks-add (som = 90, so = -90°) versus peaks-subtract
phase (som = 900, so = 900). If, however, the mean phase is 00
or 1800, then the discrimination involved a pair of mirror
symmetric stimuli, and discrimination was poor. Foveal
phase thresholds increased from so 300 (for som = 90°) to so
- 60° (for som = 00 or 1800). Field and Nachmias1 6 found a
similar doubling of threshold for mirror symmetric phase
pairs (for the first and second harmonics). Peripheral
phase discrimination was even worse, being at chance levels
for all values of the test phase with mirror symmetric test
pairs. These results have a ready explanation in terms of Z 4 ,

the lowest zero-shift autocorrelation function that depends
on the phase. For the luminance distribution of Eq. (21), Z 4

is given by Eq. (18)

Z4 = (1/16)cl3 c3 cos(som ± s) + (terms independent of so).

(22)

Each pattern of the mirror symmetric pair has identical
values of Z 4 since cos(0 + so) = cos(0 - sp) and cos(180 + so) =
cos(180 - so). For sm = 900, on the other hand, Z 4 has
opposite signs for the two patterns since cos(90 + so) =
-cos(90 - so). These differences in Zn are in agreement with
the psychophysical findings on phase discrimination using
compound gratings. Thus Zn provides a metric for quanti-
fying the phase content of these patterns.

The paper by Rentschler and Treutwein17 presents an
opportunity to reemphasize the difference between Julesz
statistics and autocorrelation statistics. Rentschler and
Treutwein claim that their phase-discrimination experi-
ments with compound gratings use iso-dipole Julesz tex-
tures. Not so. A first plus third harmonic in square-wave
phase has different first- and second-order Julesz statistics
from the triangle-phase grating with the same power spec-
trum. The first-order Julesz statistic can be seen to differ
because the triangle phase contains points at higher lumi-
nance (the peaks) than any point of the square-wave phase
pattern. For the case of compound gratings the iso-first-
order Julesz statistical constraint is extremely stringent.
The probability of occurrence of each luminance level must
be the same in both textures. There are an infinite number
of constraints. The advantage of the autocorrelation statis-
tics is that the constraints are much weaker. Each pattern
used by Rentschler and Treutwein is associated with a single
value of the zero-shift fourth-order autocorrelation function
Z4. Two patterns with the same value of Z 4 are not discrimi-
nable in peripheral vision. For two patterns to have equal
values of Z1, Z2, Z3 , and Z 4 means that the two patterns have
equal first through fourth moments. The equality of these
four values (plus equal power spectra) may be sufficient to
guarantee that the patterns are not discriminable in the
periphery. These conditions are much weaker than the infi-
nite number of conditions imposed by iso-first-order Julesz
statistics (plus equal power spectra), and yet they do seem to
do the job.

Amplitude-Modulated Gratings and the Third-Order
Autocorrelation Function
AM masking patterns have been used by Nachmias and
Rogowitz'8 to probe nonlinear interactions. They found
that the detectability of a 2.2-c/deg test pattern was strongly
affected by the relative phase of the test and masking pat-
tern. One of their stimuli could be written as

1 + CT cos(fx + so) + CM cos(gx)[1 + cos(fx)], (23)

where cM, the mask contrast, was 24% and CT, the test con-
trast, was less than 1%. The test frequency f was 2.2 c/deg
and was the same as the beat frequency. The carrier fre-
quency g was 11 c/deg. The detection threshold was more
than doubled for so = ±900 compared with so = 0 or 1800.
Patterns with these four phases are shown in Fig. 7B.

We now examine the hypothesis that the detectability of
the test component is partly based on the zero-shift autocor-
relation function. For the pattern given by expression (23),
the third-order autocorrelation function is
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Z 3 = (1/4)cTcM 2 cos(so) + (terms independent of so). (24)

Thus, when the 2.2-c/deg test grating is in phase with the
beats ( = 00 or 1800), the nonvanishing autocorrelation aids
detection. When the test grating is shifted by 900, the
autocorrelation vanishes and cannot aid the detection of the
test grating, in agreement with the data of Nachmias and
Rogowitz. If their experiment had measured 180° phase
discrimination rather than detection, then, as will now be
argued, an even stronger dependence on reference phase
might have been found. Inspection of Fig. 7B indicates that
the 0 and 1800 (but not the +900) patterns could be dis-
criminated, according to whether the beats appear as white
or as dark bars. If that were the case, then the 0 versus
1800 phase-discrimination threshold could be half the detec-
tion threshold. This same conclusion is reached from the
autocorrelation approach. The halving of threshold would
not be expected for the 900 phase, since the higher threshold
in that phase indicates that the test component is not facili-
tated by the mask and would therefore be independent of
the mask phase. The vanishing autocorrelation function in
the 900 phase also implies that phase discrimination should
not be better than detection.

The examples presented in this subsection are suggestive
of a link between the third-order autocorrelation function
and phase discrimination. It is not yet possible to make the
link firmer because so few relevant experiments have been
carried out on gratings with nonvanishing third-order statis-
tics. The phase experiments described above'6 -18 are the
only relevant ones of which we are aware.

Detection of Modulation and the Fourth-Order
Autocorrelation Function
Third-order textures can be discriminated by differences in
the fourth-order correlation function. Consider phase dis-
crimination of the following three-component pattern:

1 + C1 cos(fx + sol) + c2 cos(fx + so + o2 )cos(gx), (25)

with g < f/2. This is an AM pattern for 02 = 0 and a quasi-
FM pattern for So2 = 90°. The phase sol controls the location
of the carrier wave (of frequency f) with respect to the beat
period (of frequency g). The luminance gratings corre-
sponding to (, so2) = (900, 00), (00, 0), (900, 0), and
(-90°, 900), were shown in Fig. 2. These waveforms are also
shown in Fig. 7C. The third-order correlations vanish. The
fourth-order zero-shift autocorrelation is given by

Z4 = C22C,2 cos(2 2) + (terms independent of so). (26)

Interestingly, the autocorrelation function does not depend
on sol the carrier phase. Inspection of Fig. 2 shows that
those patterns that differ only in ifl (the three AM patterns)
are quite difficult to discriminate. However, a change in 02

(AM versus FM gratings) is easily discriminable.
We must remain cautious about the role of the zero-shift

autocorrelations as predictors of the dependence of phase
discrimination on reference phase. Despite the successful
predictions of the relevant experiments discussed above,
further study is required to connect the autocorrelation
analysis to the underlying mechanisms, their dynamics, and
their nonlinearities.

DISCUSSION

Critical Bandwidth As an Alternative to the
Autocorrelation Statistics Explanation
The results on (1 + n) patterns are compatible with the
notion that phase is not discriminable if each of the two
components falls outside a critical band in spatial frequency
from the other. The essence of the critical-bond notion is
that a single band-limited mechanism (such as a left-edge
mechanism or a dark-line mechanism) is activated at a cer-
tain relative phase of the two components. If the two com-
ponents do not fall within the critical band for any such
mechanism, no mechanism can be differentially activated
for different phase combinations of the two components.

The spatial-frequency tuning of phase effects has been
examined by several authors in different contexts with the
result that phase-specific effects that occurred using (1 + 3)
do not occur using (1 + 5). Stromeyer et al19 found a phase-
specific McCollough effect. Stromeyer and Klein 20 found a
phase-specific effect by which the presence of the first har-
monic facilitated the detectability of the third harmonic to a
greater extent in square-wave phase than in triangle-wave
phase. Klein and Stromeyer2 l found that, in a phase-locked
(1 + 3) adapting pattern, the adapting power of the third
harmonic was reduced by the presence of the fundamental.
When the phase-locked condition was removed by having a
moving or jittering fundamental, then the adapting power of
the third harmonic was unaffected by the fundamental.
Each of these studies also sought phase effects using the (1 +
5) pattern but found none.

The above results are compatible with spatial-frequency-
selective mechanisms whose full bandwidth was about 1
octave at half-height, since Stromeyer and Klein20 have
shown that the tails of such mechanisms have just the cor-
rect extent and sensitivity to account for their data (about 2
octaves full width at-20 dB). Thus the results discussed so
far have a critical-band explanation in terms of mechanisms
whose peak frequency lay about halfway between the (1 + 3)
components.

A stimulus that allows us to distinguish between the criti-
cal-band explanation and the statistics explanation is the
quasi-AM pattern (3 + 4) [or (9 + 12)]. This pattern is a
sixth-order texture whose components lie close together.
The critical-band explanation would predict that the rela-
tive phase of this pattern should be discriminable, based on
the contrasts of successive peaks and troughs of 1.000,
-0.903, 0.633, -0.257. This stimulus with two clear black
bars should be discriminable from the phase-shifted stimu-
lus with two white bars. On the other hand, the statistical
approach would predict a lack of discriminability. We
showed in Fig. 6 that, at low contrasts (to avoid nonlineari-
ties), cos 3x + cos 4x is not discriminable from -cos 3x - cos
4x (as long as absolute position is randomized). The results
of the (3 + 4) experiment therefore follow the statistics
prediction but do not have a natural explanation from a
critical-band framework.

The statistics approach is also applicable to masking ex-
periments. Possibly the strongest evidence against a simple
critical-band framework comes from an elegant set of experi-
ments by Henning et al.

2 2 They used the AM pattern (4 + 5
+ 6) as a masking grating and the fundamental as the test
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grating. They found strong phase-dependent masking ef-
fects, even though the fundamental was outside the critical
band of the mask pattern (each higher harmonic alone had
no effect on the test pattern). Their pattern was a second-
order texture in which strong phase effects would be antici-
pated on the bases of a nonvanishing third-order autocorre-
lation function.

The Henning-Hertz-Broadbent experiment shows that
the effectiveness of masking is not simply related to the
frequency ratio between the test and masking patterns.
The phase-dependent masking effect is strong when the
presence of the low-frequency component in the pattern
transforms the stimulus to a lower-order texture. The criti-
cal-band framework, which has proved to be extremely use-
ful for explaining threshold phenomena, may have limited
applicability in predicting phase effects with suprathreshold
stimuli.

A possible explanation of the Henning-Hertz-Broadbent
experiment is that a nonlinearity of the visual system could
produce a real component at the beat frequency that would
interact with the low-frequency component of the stimulus.
Nachmias and Rogowitz18 extended the Henning-Hertz-
Broadbent experiment to examine the phase dependency in
greater detail. They also extended the theoretical analysis
of the nonlinear distortion and carried out several additional
experiments to test the viability of the nonlinear-distortion
hypothesis. They found that, although several aspects of
their data are compatible with the nonlinear distortion hy-
pothesis, there were important qualitative and quantitative
discrepancies. Nachmias and Rogowitz conclude that no
simple nonlinear model was able to account for their data.
Smith and Swift23 also found that, although a simple nonlin-
earity could account for adaptation studies with AM grat-
ings, it could not account for the results of masking experi-
ments.

Nonrepetitive Textures
Although this paper has focused on the relevance of higher-
order autocorrelation functions to phase discrimination of
repetitive textures, it is useful to ask whether these autocor-
relation functions might also predict the discriminability of
random-dot textures. For two-tone textures (black and
white), the autocorrelations functions are identical to the
Julesz statistics [see discussion following Eq. (4)]. The dis-
cussion in this section thus applies to both types of statistics.

The pair of fourth-order textures described by Julesz et
al.'0 provides an excellent example of the link between tex-
tons and higher-order autocorrelations. This pair of tex-
tures is the most discriminable pair of fourth-order textures
yet found, thus providing a maximal violation of Julesz's
original hypothesis. The even (E) and odd (0) members of
the pair have luminance distributions given by LE(X, Y) =

R(x)R(y) and Lo(x, y) = R(x)R(y)(-1)xY, where the function
R randomly takes on values of +1 and -1, and x and y are
integers labeling the coordinates of each pixel. The even
function looks very orderly, similar to a checkerboard with
rectangular black and white patches. The odd member of
the pair looks quite random with no local clusters of one
color. A blob detector (texton) followed by a nonlinear
threshold stage would do a fine job in discriminating the two
patterns. We would like to point out that the fourth-order

autocorrelation can also do a fine job in discriminating the
patterns. Consider the autocorrelation function A4(0, h, v,
h + v), where h is a horizontal vector given by (x, 0) and v is a
vertical vector given by (0, y). This autocorrelation func-
tion is always equal to +1 for the even patterns LE for any
values of x and y. For the odd patterns, the autocorrelation
function is (-1)xY. An autocorrelation of +1 means that the
product of luminances of each quadruple of adjacent lumin-
ances is always equal to +1 (where the luminance of white is
normalized to +1 and black to-1). That is, in each quadru-
ple there are an even number of black dots. For the odd
pattern, in each quadruple of adjacent dots the product of
luminances is always -1 (always an odd number of black
dots). The fact that the two patterns produce the maximum
difference between the fourth-order values can perhaps ac-
count for the ease of discrimination of these patterns.

When the four-point autocorrelation is unity (its maximal
value), then the pattern is ensured to consist of many unbro-
ken straight lines and large rectangles. When this autocor-
relation function is -1 (for the odd patterns), then there are
no straight-line segments. The higher-order autocorrela-
tions may thus provide a metric for quantifying the aspects
of patterns described by Julesz's textons. In the preceding
sections we have focused on conditions under which the
difference in nth-order autocorrelations approaches zero.
The present example suggests that nonzero autocorrelations
may give a measure of the degree of discriminability derived
from the organization of the pattern. This is not to deny the
validity of the texton approach in which pattern organiza-
tion is described by the presence of such features as elongat-
ed edges and large open areas. On the contrary, it empha-
sizes the close relationship between texton and local auto-
correlation descriptions and makes it all the more
interesting that the brain appears to have evolved feature
mechanisms that can extract higher-order statistical proper-
ties of the environment.

CONCLUSION

Our study gives further support to the usefulness of classify-
ing textures by their nth-order statistics and shows that a
slight modification of Julesz's statistics is applicable to con-
tinuous-contrast textures. Second-order textures can be
discriminated on the basis of their third-order autocorrela-
tion functions and were found to be easily discriminable
using peripheral vision, without scrutiny. For phase dis-
crimination of third-order textures (1 + 3), the fourth-order
autocorrelation functions must be used, and they were less
easily discriminated in peripheral vision. Inspection of Fig.
1 shows that third-order textures have significantly differ-
ent appearances that aid in the discrimination. The task of
discriminating fourth-order textures (1 + 4) was at the per-
ceptual limits. When foveal viewing was permitted, good
discrimination was possible, but when foveal scrutiny was
eliminated by peripheral viewing, the observers were unable
to discriminate the relative phase of the two harmonics.
Our efforts to increase the discriminability of fourth-order
textures by adding many components in two dimensions did
not succeed (see Fig. 4).

We consider the autocorrelation approach to be an initial
approach in the complex arena of phase discrimination of

S. A. Klein and C. W. Tyler



878 J. Opt. Soc. Am. A/Vol. 3, No. 6/June 1986

patterns with multiple Fourier components. It makes suc-
cessful predictions of the results of many experiments of this
type. Phase discrimination without scrutiny may have the
simple description outlined in this paper, but further careful
measurements are needed to test the hypothesis. Further-
more, much remains to be learned about which textures can
and cannot be discriminated with scrutiny, in which case
many subtle cues may be involved in the discrimination. 2 4

APPENDIX A: FOURIER STATISTICS OF
TEXTURES

A texture whose luminance L(r) has a repetition length D in
the x and y directions can be expanded in the following
Fourier series:

L(r) = E L(f)exp(-if * r),
f

(Al)

where r = (x, y) and f = (p, q)2ir/D, with p and q being
positive and negative integers.

Inverting Eq. (Al) gives the Fourier transform
D D

L(f) = D-2 J exp(if r)L(r)dr, (A2)

where dr = dxdy. The integral is taken over one repetition
period of the pattern. The nth-order autocorrelation of a
pattern is defined by

An(d,... d) = D 2 J J L L(r + d)dr. (A3)

The Fourier transform of the nth-order autocorrelation is
defined by

Fn(fl... fn) = D 2n fdd, ... ddn

X exp[i(f d + . . fn d)]An(d,... dn)-
(A4)

Combining Eqs. (A3) and (A4) and exchanging orders of
integration gives

Fn(fl,... f) = D 2 -2 J fdr J f ddlexp(ifldl)

X L(r + dl)... ddn exp(ifn d)L(r + d)

= D-2n- 2 J J dr exp(-ir fT) r] JJ ddi
i=1

X exp[ifi - (r + d)]L(r + di),

where fT = , f. The use of Eq. (A2) gives

n(f ... fn= D-2 J J dr exp(-ir fT) JJ L(fi)

n

= fT L(faT)
i=l

=An(f,,..* fnl)a(fT),

where A0 (f, ... fA-1) = i=In L(f) and where the Kronecker
delta function 6(f) is defined by

(f) = 0 iffx $0 0 or fy 0,
6(f) = 1 iffX = fy = 0.

The constraint fT = 0 is the basis for our discussion of
texture discrimination. The notation A 1(f, ... fn-,) repre-
sents the autocorrelation function in which this constraint
results in the elimination of the f argument. This con-
straint allows the first two autocorrelation functions to be
written as

A, = L(O),

A(f) = L(f)L(-f).
= L(f)L*(f).

(A5)

(A6)

The latter equation follows since L(-f) = L*(f) (the com-
plex conjugate) for any real function L(r). In general,

An(fi, * *. , fn-1) = L*(f, + ..f_.)L(f,) ... L(fn-,). (A7)
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