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We analyze published data on disparity detection thresholds for a wide range of conditions. This type 
of detection changes behavior dramatically at the spatial frequency of 2.5 c/deg; above this frequency 
threshold remains constant while below it threshold grows at a uniform rate. Many other types of 
threshold, such as upper disparity limits for depth perception and threshold amplitudes for stereo and 
monocular motion, show similar behavior. These data lead to the postulate that there are no fovea1 
stereo channels peaking below 2.5 c/deg, so that fovea1 stimuli in the whole range below 2.5 c/deg are 
processed by a single channel tuned to this frequency. Consequently, disparity detection thresholds at 
frequencies below this frequency are controlled by the single parameter of effective contrast in the 
2.5 c/deg channel, whose output depends jointly on the contrast and spatial frequency of the stimuli. 
We develop this idea to explain the relations between spatial and contrast tuning functions for disparity 
thresholds. To validate our conclusions, we describe an experiment with difference-of-Gaussian stimuli 
over a range of interocular widths and contrast differences. For a dichoptic width ratio of 2:1, the 
dichoptic contrast ratio required to minimize disparity detection thresholds was 1:4, just as predicted 
by the model. 

Disparity Depth perception Spatial frequency 

INTRODUCTION 

There are four key facts established for disparity detec- 
tion thresholds with narrowband stimuli. 

(a) The disparity detection threshold is approximately 
inversely proportional to the square root of contrast 
over a wide range of conditions (Legge & Gu, 1989; 
Halpern & Blake, 1988). We shall refer to this relation 
as to the square-root law. An example of published 
experimental data illustrating this law is presented in 
Fig. 1. Enhanced validation of the range of this law and 
discussion of the empirical results is provided in Expt I. 

(b) For dichoptic stimuli, disparity detection 
thresholds grow dramatically with interocular difference 
in contrast (generating a stereoscopic contrast tuning 
function for disparity detection). Similar stereoscopic 
contrast tuning functions have been obtained by 
Halpern and Blake (1988), Legge and Gu (1989) and 
Schor and Heckmann (1989). Legge and Gu (1989) also 
presented a quantitative explanation for these data based 
on the partial correlation of noise in position coding 
mechanisms in both eyes. In this paper we propose an 
alternative explanation that accounts for a substantially 
wider range of data. Our analysis will focus on the 
contrast tuning functions from Halpern and Blake 
(1988) because they were obtained under the widest 
range of contrasts of the three studies (see Fig. 2). 

(c) Schor, Wood and Ogawa (1984) showed that, for 
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static narrowband stimuli with a difference-of-Gaussian 
(DOG) profile, disparity sensitivity increases with center 
spatial frequency below 2.5 c/deg and is constant above 
this frequency (see Fig. 3). Legge and Gu (1989) con- 
ducted similar experiments for sine-wave stimuli at 
different contrast levels. Their data followed the same 
reciprocity relation at low spatial frequencies as did the 
data for DOGS, while the thresholds at high spatial 
frequencies were not as stable as for DOGS. Presumably, 
the discrepancies at high spatial frequencies are due.to 
the fact that Schor et al. (1984) used local stimuli 
whereas Legge and Gu (1989) used narrowband sinu- 
soidal gratings, which are confounded at high spatial 
frequencies by spurious correlations between adjacent 
bars of the stimulus falling within the same receptive 
field. In this study we shall deal only with local stimuli 
and hence rely on the data provided by the Schor group. 

There also are many other types of threshold that 
change their behavior at the frequency of 2.5 c/deg; e.g. 
upper disparity limits and disparity thresholds for stereo 
motion and monocular motion (Schor & Wood, 1983; 
Schor et al., 1984; Westheimer, 1978; De Valois, 1982; 
see Fig. 3). 

It is important for our further analysis to note that 
spatial tuning functions obtained by measuring disparity 
detection threshold as a function of the ratio of peak 
frequencies of dichoptic stimuli also show very different 
behavior above and below 2.5 c/deg (Fig. 4), as demon- 
strated by Schor et al. (1984). If both parts of the 
dichoptic stimulus were above 2.5 c/deg, the thresholds 
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were found to be virtually independent of the ratio 100 

between frequencies in the two eyes. If, however. both 
parts were below 2.5 c/deg, the thresholds grew rapidly 

A 

with the center frequency ratio. 
(d) The spatial sensitivity of the stereo system was 
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with stimulus disparity. approaching 8 cjdeg for small 

disparities), dropping off rapidly at lower spatial fre- 
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quencies (see Fig. 5)-so that any low-frequency stereo E 
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channels, if they exist, must have had negligible sensi- 
tivity to masks below 2c/deg. 

Recently, we completed a detailed analysis of the 
masking curves from this study on both a qualitative and 
quantitative level (Tyler, Barghout & Kontsevich, 1994). 
The analysis supported the presence of channel tuned to 
2.5 c/deg and gave no indication of the existence of 
narrowband channels below this frequency. 

What then explains the apparent frequency selectivity 
of stereoscopic responses below 2.5 c/deg in Fig. 4? The 
aim of this study is to propose a simple and consistent 

model that answers this question. 

EFFECTIVE CONTRAST IN STEREOSCOPIC 
PROCESSING BELOW 2.5 C/DEG 

The main idea of our analysis is that, to explain the 

array of data presented above, there is no need to 
postulate channels tuned to low frequencies; all effects at 
low frequencies can be explained by the effective contrast 
in the channel with the lowest available center frequency 
(i.e. the one most sensitive to the stimulus). 

The analysis is based on the following assumptions: 

(i) all information for disparity processing is pro- 
vided by narrowband channels; 
(ii) all such channels are tuned to medium and 
high spatial frequencies with the lowest frequency 
channel peaking at about 2.5 c/deg; 
(iii) the channel tuned at 2.5 c/deg has a symmetric 
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FIGURE 2. The dichoptic contrast tuning functions for DIO stimuli 

with center frequencies of 1.2, 2.4 and 4.8 c/deg derived from Halpern 

and Blake (1988). To achieve the full contrast tuning function we 

aligned the two parts that were measured separately for the contrast 

ratios above and below the value of one in vertical direction. Datum 

points are represented by the symbols; the solid lines are the prediction 

of the model developed in equation (17). 

balanced triphasic receptive field of finite inte- 
gration area; 
(iv) the precision of the disparity estimates is 
determined by the strongest output signals across 
all channels and locations. 

Consider a narrowband stimulus with an arbitrary 
center frequency below 2.5 c/deg. The most sensitive 
channel for this stimulus will be the one with the closest 

Contrast 

FIGURE I, Threshold disparity as a function of contrast. The linear 

regression slopes are -0.63 for 0.5 c/deg stimuli and -0.66 for 

2.5 c/deg. [Reproduced with permission from Legge and Gu (1989j.l 
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FIGURE 3. Disparity detection thresholds for DOG stimuli that were 

identical in the two eyes (bold line). Thin lines denote (from top to 

bottom) thresholds for the upper disparity limit (D,,,). D,,, for stereo 
motion and D,,, for monocular motion. 
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FIGURE 4. Disparity detection thresholds (dashed line) and stereoscopic tuning functions (solid curves) where the dichoptic 

stimuli have different center spatial frequencies. The invariant spatial frequency in spatial tuning estimates is shown by arrows. 
[Reproduced with permission from Schor et al. (1984).] 

center frequency, which is the channel tuned to 2.5 c/deg. 
Therefore, all narrowband stimuli tuned to frequencies 
below that frequency will be processed solely by the 
2.5 c/deg channel. 

The output of this channel constitutes an effective 
contrast signal for subsequent neural processing, whose 
strength depends on the discrepancy between the tuning 
frequencies of the channel and the stimulus.* Now we 
show that the channel defined in assumption (iii) oper- 
ates as second-derivative operator for any narrowband 
stimulus of sufficiently low frequency to make the effec- 
tive contrast proportional to the square of the stimulus 
frequency. 

The 2.5 c/deg channel defined in assumption (iii) has 
three sensitivity lobes that are arranged symmetrically 
about the spatial center of the profile and are balanced 

*The local effective contrast should not be taken as equivalent to 

perceived contrast. The perceived contrast is a result of comparison 

of luminances of possibly distant points. Such distant comparisons 

cannot be provided by a single filter: they require long-range 
interactions as was shown by Land and McCann (1971). 

such that the positive and negative lobes sum to zero. 
Any profile of this kind is a second derivative of some 
even monophasic profile. (In some cases this monophasic 
profile can have infinite amplitude at the center like some 
of the Cauchy filters proposed in Klein and Levi, 1985). 
The finite integration area constraint (in fact, the necess- 
ary constraint is somewhat weaker) guarantees that the 
monophasic profile has finite amplitude everywhere. Any 
finite monophasic profile acts as a lowpass filter. The 
convolution of the triphasic sensitivity profile with the 
stimulus, therefore, corresponds to the second derivative 
of the stimulus passed through a lowpass filter. If the 
spatial frequency of the stimulus is sufficiently low, 
lowpass filtering has a negligible effect on the signal 
profile and the output is proportional to the stimulus’ 
second derivative. 

Based on this notion of a second-derivative operator, 
we can develop a formula for the effective contrast 
signal. Consider a family of one-dimensional luminance 
profiles 

L(C,v,x)=L,.(l +c.S(v .x)) (1) 
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where S is the generic luminance profile for the family. 
C is contrast, v is spatial frequency. Lo is background 
luminance and .‘i is a spatial variable. The second spatial 
derivative for this profile is: 

L”(S) = L”’ C \‘?. S”(1’ ‘X). (2) 

Without loss of generality, we may assume that L ’ hits 

its maximum at the point x = 0. According to assump- 
tion (iv), this means that the disparity detection 
threshold depends solely on the channel signal at the 
profile center. Then, 

L “(0) = L” c v ? . s “(0). (3) 

As we have argued, the effective contrast E is pro- 
portional to the second derivative of the stimulus profile 

E x L” ‘x 6 v’, (4) 

i.e. the effective contrast for the 2.5 c/deg channel is 
related linearly to the stimulus contrast but to the square 
of the spatial frequency. This result means that there is 
a trade-off between stimulus contrast and stimulus 
spatial frequency in the channel response. For example, 
increasing of the spatial frequency by a factor of 2 can 
be compensated by reducing the stimulus contrast by a 
factor of 4, as illustrated in Fig. 6. 

If the predicted trade-off between spatial and temporal 
frequencies did exist, it would lead to a strongly counter- 
intuitive prediction: for some stimuli the minimum 
stereothreshold must occur for strongly unbalanced con- 
trasts between the eyes. Using the previous example 
(Fig. 6), for the ratio of the center spatial frequencies of 
the components equal to vi : v, = 2: 1, the minimum 
threshold is predicted to occur at the contrast ratio of 
C, : C, = v f : v f = 0.25 : 1. The following experiment is de- 

signed to test this prediction. 
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FIGURE 5. The sensitivity of stereopsis to monocular masking noise. 

This curve is derived from the peak of the monocular masking curves 

at each test frequency. [Reproduced with permission from Yang and 
Blake (1991).] 

stimulus A 2v, Cl4 

stimulus B 

2.5 cldeg channel 

processing window % 

FIGURE 6. Illustration of the trade-off between contrast and spatial 

frequency at low spatial frequencies. The profile with amplitude C and 

center spatial frequency 2e (stimulus A) has the same shape at the top 

of the peak as the profile with amplitude 4C and central frequency v 

(stimulus B). Deviations between these profiles become substantial at 

the distances larger than the size of the receptive field, which deter- 

mines the processing window as shown for comparison below. 

EXPERIMENT I: STEREOSCOPIC CONTRAST TUNING 
WITH UNEQUAL SPATIAL FREQUENCIES 

Method 

Obsertlers. Two adults served as observers, one author 

(LLK) and a second, naive individual (MYK). Both 
observers had normal acuity and stereopsis [the latter 
measured by random-dot stereograms from Julesz 
(1971)]. 

Apparatus and stimuli. The observer sat in front of the 
monitor at a viewing distance of 124 cm and free-fused 
the dichoptic images presented on the screen. A high- 
resolution gray-scale monitor (P4 phosphor) controlled 
by a Macintosh IIfx computer provided an angular 
separation of the raster lines of 1 min of arc. The monitor 
was calibrated by a Photo Research Spotometer Model 
PR-15lOD spectrophotometer to generate a linear look- 
up table. This table consisted of 183 of 256 possible gray 

levels and provided optimal representation (one-to-one 
correspondence of input and output gray levels) at 50% 
of the maximal background luminance level, as was used 
in our experiments. The image presented to each eye 
subtended 8 x 5 deg and had a space-average luminance 
50 cd/m*. The luminance profile appearing in each image 
was a balanced DOG function, fitting the formula 

DoG(x)=3exp(-.u’/o’)-2exp(-.u’/(l.5a)’) (5) 

[for more details about the properties of this function see 
Schor et al. (1984)]. The contrast for the DOG profile was 
defined by the formula (Lpcak - Lmean)/L,,,,, where LKak 
is the luminance at the center of DOG and L,,,, is the 
mean luminance of the display. To present displacements 
smaller than 1 min of arc (= pixel size), the image was 
constructed by sampling the smooth DOG function 
shifted by the required fraction of a pixel to provide a 
disparity resolution of 3 set of arc. For the lowest 
required contrast of 3% the stimulus was represented by 
five levels of gray for which the observers did not 
perceive contours between gray levels. Fortunately, the 
disparity thresholds at this contrast were in the range of 
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several pixel widths, so there was no limitation because 
of sampling. 

Each DOG profile was presented together with three 
small spots (2 min of arc) on the horizontal meridian. 
The central spot was used for fixation and as the depth 
reference; the other two spots were 3 deg to the left and 
to the right from it and had small (10 min of arc) nonius 
lines above and below them for monitoring binocular 
fixation accuracy. 

Pmcedure. The stereoscopic stimuli in the experiment 
were two vertical bars with DOG profiles: one had 
(T = 25.6 min of arc for a center frequency of 0.6 c/deg, 
while the other had (T = 12.8 min of arc for twice the 
center frequency (1.2 c/deg). The contrast of the wide 
DOG was 100%; the narrow one had variable contrast. 
When fused, these unequal dichoptic DOG stimuli were 
perceived as a surface rotated about a vertical line due 
to the local disparity relations. We estimated the sensi- 
tivity to the stereoscopic depth in the visual direction 
that coincided with fixation point, i.e. the center of the 
fused image. 

The task for the observer was to indicate whether the 
target center was presented in front of or behind the 
fixation point. The time allotted to the trial was indefin- 
ite; immediately after the subject responded, the image 
disappeared and was replaced by a new image after 2 sec. 
The side on which the wide and narrow DOGS were 
presented was chosen randomly on each trial. This 
procedure excluded the use of monocular size cues in the 
disparity judgment. 

The surface that was perceived from the DOG profiles 
had a slight thickness that depended on contrast level. 
Judgment of the depth of the surface depended on the 
observer criterion relating the thick object to one point, 
and the estimates were often biased. For this reason we 
used two interleaved staircases (Levitt, 1971) to estimate 
both crossed and uncrossed disparity detection limits in 
the same run. Each staircase was based on the standard 
“three up-one down” procedure, with the step size being 
reduced by a factor of 2 after each reversal. The staircase 
converged to the point corresponding to d ‘ = 1.14 

(_+ 0.4 SD) and a probability of 0.79 of being correct. 
(This estimate was obtained from 1000 simulations.) We 
kept the step size for both staircases approximately 
equal; when the step in one of them was larger than in 
the other, the trials corresponding to the staircase with 
the larger step were presented more frequently until 
equality was reestablished. The staircase was considered 
complete when the sum of the two steps fell below 1% 
of the distance between crossed and uncrossed limits. 
The difference between these limits divided by two 
provided an estimate for the disparity detection 
threshold defined by d ’ = I. 14. Each experimental point 
is a result of averaging (in linear scale) of at least three 
staircases. The SEM was estimated as 0.4/(1.14~), 
where n is a number of staircases per point. 

Results 

Stereoscopic contrast-tuning functions for the dichop- 
tic DOG stimuli were determined in this experiment with 

peak frequencies of 0.6 and 1.2 c/deg in the two eyes, 
respectively. The results for two observers are shown in 
Fig. 7. Our analysis predicts that the stimuli should have 
the same effective contrast when the ratio of physical 
contrasts was reciprocal to the squares of their center 
spatial frequencies. The ratio of the physical contrasts of 
wide and narrow stimuli at which the lowest disparity 
detection threshold is expected therefore to be 0.25: 1. 

The experimental data coincide well with the predic- 
tion: for both observers, thresholds improved as contrast 
ratio was increased up to an optimal ratio of physical 
contrasts of 0.25 : 1. That is, the best thresholds occurred 
when the physical contrast of the narrow DOG was four 
times less than the physical contrast for the wide DOG. 

According to the analysis, the contrast tuning function 
with unequal spatial frequencies should be similar to the 
contrast tuning function for equal dichoptic DOG stimuli 
but shifted horizontally by two octaves. We show this 
shifted contrast tuning function from Halpern and Blake 
(1988) by the dashed line in Fig. 7. There is good 
agreement between the curve shapes and positions of the 
minima. 

SQUARE-ROOT LAW FOR DISPARITY DETECTION 

According to our analysis, the disparity detection 
threshold 0, for low frequency stimuli depends on the 
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FIGURE 7. Disparity detection thresholds for the dichoptic DoG 
stimuli with different center spatial frequencies (0.6 and 1.2 c/deg) for 
two subjects (0 LLK, l MYK). Error bars represent 1 SEM. The 
contrast of the wide DOG was constant (100%) while the contrast of 
the narrow DOG was variable. The disparity detection threshold 
minimum is at the predicted contrast of 25% of the narrow DOG, 
which corresponds to the same effective contrast of the two parts of 
the dichoptic stimulus. The shift of the optimal contrast ratio in 
comparison with the case of equal dichoptic contrast is shown by the 
arrow. The dashed curve is the fit of our model for 1.2 c/deg contrast 
tuning data from Fig. 7 provided for comparison. The model predicts 
that it should have the same shape as the curves obtained in the 

experiment. 
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effective contrast signal in the 2.5 c/deg channel. Because 
effective contrast is linearly related to stimulus contrast, 
thresholds must be reciprocal to the square root of 
effective contrast. In the original formulation of the 
square-root law: 

d,c;cC ‘?. (6) 

Now, when the spatial frequency is varied, it follows 
from equation (4) that 

6), cc E-i”? cc C~“?, \, -1, 
(7) 

Any other relation between the disparity detection 
threshold and the effective contrast is inconsistent with 
the square-root law. 

Therefore, in an experiment where the contrast of the 
stimulus is kept constant, disparity detection thresholds 
should be reciprocal with spatial frequency, which is 
exactly the result in the study by Schor et al. (1984). The 
slope of the disparity detection threshold for the DOG 
stimuli below 2.5 c/deg was found to be equal to - 1 (see 
Figs 3 and 4) in accord with equation (7). [Interestingly, 
the other types of threshold presented in Fig. 3 have 
slopes of -0.5 at low spatial frequencies, implying that 
the effective contrast for dynamic stimuli obeys different 
laws than one described in equation (4).] 

Equation (7) describes the disparity detection 
thresholds for equal effective contrast of the stimulus 
components. For unequal effective contrasts the contrast 
tuning starts to be involved, which causes the deterio- 
ration of the thresholds. For low spatial frequencies the 
thresholds are determined by the effective contrast in 

2.5 c/deg channel: therefore, only the tuning of this 
channel needs to be analyzed. This fact tremendously 

simplifies the analysis; however, too much freedom 
still remains because the shape of the stereoscopic con- 
trast tuning function might depend on the contrast level 
at which this tuning is measured. The data from Legge 
and Gu (1989, Fig. 7) however, indicate independence: 

their functions show essentially the same shapes for 
0.5 c/deg stimuli with 0.25 and 0.125 contrast of the 
invariant part. 

The goal of the next experiment is to determine 
whether the shape of the stereoscopic contrast tuning 
function in 2.5 c/deg channel is independent of the 

contrast level over a wide range of contrasts. In fact, we 
shall verify the applicability of the square-root law for 
binocular stimuli with a fixed ratio of dichoptic contrast. 
We shall show below that this independence is a direct 
consequence of extending the application of the square 

root law. 

EXPERIMENT II: VALIDATION AND EXTENSION OF 
THE SQUARE-ROOT LAW 

Rationale 

As we mentioned in the Introduction, the square-root 
law for the stimuli with same-contrast components was 
established in two studies. Legge and Gu (1989) 
measured the disparity detection thresholds as a function 

of contrast by a two-alternative forced-choice method. 
They fit the data by the power relation: in log co- 
ordinates the power value is the slope of the straight-line 
fit, with the slope of -0.5 corresponding to an exact 
square-root law. The slopes estimated by Legge and Gu 
for several observers and spatial frequencies (principally 
0.5 and 2.5 c/deg) had the average value of -0.52. The 
slopes for individual data varied from -0.84 to --0.38 
with the majority (7 out 9) having a deviation of co.13 

from - 0.5. Halpern and Blake ( 1988) conducted similar 
measurements with the adjustment technique. Their 
estimates were also close to -0.5 except for the high 
frequency stimuli (9.6c/deg), where the slopes were 
substantially shallower (average -0.23). 

The logic of our analysis depends crucially on the 
square-root law; this drove us to conduct independent 
validation of this law for low frequency stimuli. The 
validity of the square-root law for the stimuli with a 
difference between contrasts in the two eyes has never 
been addressed. We present data that justify such ex- 
tended interpretation. 

Procedure 

The subjects and apparatus were the same as in the 
previous experiment. Both components of the stereo- 
scopic stimuli in this experiment had the identical center 
spatial frequency of 0.6c/deg, which corresponded to 
~7 = 25.6 min of arc. In some runs the contrasts of the 
components were the same; in others they had a fixed 
ratio of 1: 4. which is close to the largest ratio for which 

a stereo percept was possible. The eye to which each 
component should be presented was chosen randomly in 
each trial to exclude monocular cues. 

Results 

The results for equal contrasts in the two eyes are 
presented in Fig. 8(a). The slope estimated by linear 
regression in log-log coordinates was -0.33 f 0.03 for 
subject LLK, and -0.48 f 0.03 for MYK. The slope 
estimate for subject LLK is somewhat shallower than the 
exact square-root law. Similar deviations for two (of 

nine) subjects were reported by Legge and Gu (1989). 
The novel result of this experiment is a validation of 

the square-root law for the different dichoptic contrast 
condition [Fig. 8(b)]. The interocular contrast ratio of 
1: 4 is near the margin where stereo percept disappears, 

For these extreme conditions, the slope of 

stereothreshold as a function of the geometric mean of 
the contrasts presented to two eyes was close to the value 
required by square-root law: - 0.52 + 0.11 for LLK and 
-0.43 + 0.09 for MYK. 

Discussion 

For any given spatial frequency, the stereoscopic 
threshold as a function of contrasts in the right and left 
eyes may be represented as a two-dimensional surface. 
The constraint C,/C, = constant corresponds in log coor- 
dinates to straight lines parallel to the diagonal C, = C,. 
The applicability of the square-root law for any fixed 
interocular contrast ratio means that in log coordinates 
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FIGURE 8. Disparity detection threshold as a function of contrast for the dichoptic DOG stimuli both tuned to 0.6 c/deg. 
The data points are shown for two observers (0 LLK, l MYK). Error bars represent 1 SEM. The lines show the best linear 
fit the data in log-log coordinates. The numbers near the lines show their slopes; the exact square-root law corresponds to 
the slope of -0.5. (a) The parts of the dichoptic stimulus have the same contrast. (b) The ratio of the contrasts in the dichoptic 
stimulus is fixed at 1: 4. In the latter case the abscissa represents geometric mean of the dichoptic contrasts in each condition. 

any section of the disparity detection threshold surface 
along these lines should be a straight line (see Fig. 9). 
Therefore, any two parallel sections of this surface have 
similar shape; in particular, the shapes of stereoscopic 
contrast-tuning functions for the 2.5 c/deg channel 
should be the same for different contrast levels (see again 
Fig. 9). 

The disparity detection surface is symmetrical relative 
to the vertical diagonal plane to the extent that eyes are 
equal in stereoprocessing. Sections parallel to the vertical 
coordinate planes are not symmetrical because of the tilt 

FIGURE 9. The disparity detection threshold as a function of 
contrasts in two eyes presented in log coordinates. The thick curve 

represents the stereoscopic contrast tuning function for the left eye 

when the right-eye contrast is held constant. The whole surface can be 

obtained by translation of any representative of the tuning function 

along the straight line. Flat parts of the plot are to provide a reference 

plane. 

of the surface ridge; the corresponding stereoscopic 
tuning functions demonstrate similar asymmetry. 

RELATION BETWEEN SPATIAL AND 
CONTRAST TUNING 

According to our hypothesis the stereoscopic process- 
ing of low frequency stimuli is mediated by a 2.5 c/deg 
channel. Therefore, we conclude that the stability of the 
shape of the stereoscopic contrast-tuning function to the 
contrast level of the invariant component of the stimulus 
is an intrinsic property of the 2.5 c/deg channel. 

This property provides a basis for complete descrip- 
tion of the disparity detection thresholds as a function 
O,(C,, C,, v,, vr) of four variables: the contrasts and 
spatial frequencies of the components of the binocular 
stimulus. These variables constitute a rather extensive 
domain, which, if represented as a four-dimensional 
hypercube, would have 24 faces each representing an 
interaction between two of the variables at extreme 
values of the other two variables. 

As we concluded in the first part of the analysis, the 
disparity detection thresholds at low spatial frequencies 
depend on the monoptic efictive contrasts at the peak 
locations in two eyes. Therefore, the disparity threshold 
O,(E,, &) in “internal signal terms” is a function of two 
independent effective contrast parameters of the form of 
Fig. 9. Because the square-root law is valid for effective 
contrasts [see equation (611 and arbitrary contrast ratios 
(Expt 2), the threshold can equally be represented in 
terms of the ratio of effective contrasts between the eyes 

RJ(&, K) = ‘&WE,, l)IJE, (8) 

and 8,(&/E,, 1) can be treated as a stereoscopic contrast 
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tuning function normalized to the unit contrast in the 

right eye. Therefore, after substitution in accord with 

equation (4). we arrive at a general description of the 
analyzed domain: 

&(C,, c,, 1’1. Vr) K T(C,vi!/(C,vf))/,,/C‘,1,f (9) 

where T is the stereoscopic contrast tuning function 
measured for some fixed values of C,. v, and v,. Thus, a 
single stereoscopic contrast tuning function specifies the 

whole surface of the disparity detection thresholds in 
four-dimensional parameter space (which is difficult to 

depict because of high dimensionality of the space). 
Consider how the left and right halves of a dichoptic 

stimulus can excite the 2.5 c/deg channel differently. The 
most direct way to introduce such a difference is to 

present a low-frequency dichoptic stimulus with different 
contrasts in the two half-images, which actually was the 

paradigm used by Halpern and Blake (1988). The 
measurements of the contrast tuning functions in that 
study for 1.2 and 2.4 c/deg narrowband stimuli (with a 
lOth-derivative of Gaussian profile) should reveal the 

contrast tuning function of the postulated 2.5 c/deg 
channel, since our model predicts that all contrast tuning 
functions for stimuli below 2.5 c/deg should have similar 
shape. The experimental data fit this prediction (Fig. 2). 
Our model has no implication, however, that the con- 
trast tuning functions for channels above 2.5 c/deg 
should be similar. The data for 4.8 c/deg (Fig. 2) suggest 
that they are, in fact, different: the contrast tuning 
functions flatten with increase in the channel’s fre- 

quency. 
A more ingenious way to stimulate the 2.5 c/deg 

channel differently in the two eyes is to vary effective 
contrast by changing the spatial frequency rather than 
the contrast of the narrowband stimuli. This was the 
paradigm used by Schor et al. (1984), where they pre- 
sented a family of spatial tuning functions for stereopsis 
(Fig. 4). They measured disparity detection thresholds 
for dichoptic DOG stimuli of different widths. (When 
fused, DOGS of different widths produce a tilted surface, 
so the judgment of depth relative to fixation had to be 
performed at the central position of the fused image 
marked by fixation spot. Note that the perceived depth 
tilt generated by these different-width DOG stimuli re- 
mained constant as spatial disparity was adjusted, SO 

that the tilt could not have provided a threshold cue.) 
Because the thresholds are controlled by effective 

contrast signals in 2.5 c/deg channel, the spatial and 
contrast tuning functions for stereopsis should match 
when spatial frequency and contrast variations both are 
expressed in terms of effective contrast. AS long as 
effective contrast is affected by stimulus contrast linearly 
and by spatial frequency quadratically [equation (4)], the 
contrast tuning curves should be represented directly 
and the spatial tuning functions extended in the horizon- 
tal direction by the factor of 2 (in log coordinates). 

coordinates displayed]. Because the effective contrast is 

In more precise terms, the contrast tuning is a function 
of the effective contrast ratio [or log(E,/E,) for the log 

o - modified spatial tuning 
for ,424 cldeg 

l - contrast tuning for 2.4 c/deg 

A - contrast tuning for 1.2 c/deg 

I I 

0.1 

I I 

1 10 

Effective contrast ratio 

FIGURE 10. Contrast tuning functions from Halpern and Blake 
(1988) (solid symbols) and a stereoscopic spatial tuning function from 
Schor ef al. (1984) (open symbols) where the contrast and frequency 
ratios are converted into effective contrast ratios for the channel tuned 
to 2.5 c/deg. Solid curve is the fit for the 1.2 c/deg data by our model 
(from Fig. 1): dashed curve is the best fit by the Legge and Gu (1989) 

model. Vertical position is arbitrary. 

linearly related to contrast and quadratically to spatial 
frequency, equation (4) implies that 

log(E, i-6 ) = log(C) /C, 1 

for different interocular contrasts and 

(10) 

log@,/&) = log(v f/v ;‘) = 2.log(v,/v,) (11) 

for different spatial frequencies. The multiplier 2 in the 
latter formula indicates that spatial tuning functions 
must be extended horizontally by a factor of 2 to be 
represented in terms of effective contrast ratio. The result 
of this transformation is presented in Fig. 10, in which 
all the corresponding curves have very similar shape, as 
is predicted by the theory. 

MODEL FOR THE STEREOSCOPIC CONTRAST 
TUNING FUNCTION 

So far our analysis has been based on the empirical 
contrast tuning behavior for stereopsis (Fig. 2) which 
now may be examined from a theoretical perspective. 

_. , ~, , 

As mentioned in the Introduction, Legge and Gu 
(1989) presented a model for the stereoscopic contrast 
tuning data that is based on two ideas. First, the 
stereoscopic disparity signal was assumed to derive from 
the output of a position (rather than phase) coding 
mechanism whose precision is proportional to the square 
root of contrast (Watt & Morgan, 1985; Legge & Gu, 
1989). [The only experimental data we know that 
provide experimental justification for this position 
coding hypothesis vs the phase coding hypothesis were 
presented recently by Liu, Tyler, Schor and Ramachan- 
dran (19921.1 Second. the noise in the position estimate 
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FIGURE Il. Scheme of the involvement of binocular contrast inter- 

action in disparity estimation. The depth signal is derived from the 

difference between the monocular position signals. The binocular 

contrast interaction occurs before the monocular position coding 

mechanisms. The same binocular contrast interaction explains 

binocular contrast summation. 

is assumed to be correlated in the two eyes. If the 
contrasts in the two eyes are the same, the noise in 
the monoptic channels has the same amplitude and the 
correlated noise components from two eyes in the 
disparity signal cancel each other. In the case of differ- 
ent contrasts this cancellation is incomplete, which 
causes the rise of stereothresholds. The final formula to 
which Legge and Gu arrived was: 

B,K~R~‘-~~~R-‘~~+IIJC, (12) 

where p was the noise correlation parameter and 
R = Cl/C, was the interocular contrast ratio. 

This explanation provides a good fit for the contrast 
tuning data but it is not complete: the free correlation 
parameter varies in some functional relation to spatial 
frequency that is not specified theoretically. This gap 
in the analysis could be filled if there were data 
for other binocular tasks that would specify the 
relation. 

We propose an alternative explanation according to 
which the properties of stereoscopic contrast tuning are 

- 0’ ’ n n m n n ’ a B ’ 
0 1 

Right eye test contrast (fraction of standard) 

defined by the suprathreshold binocular contrast sum- 
mation behavior. Instead of proposing a theoretical 
function for stereoscopic contrast tuning, we develop 
an empirical relation between stereoscopic contrast tun- 
ing and binocular contrast summation. 

Our approach exploits basically the same scheme 
of disparity computation as the Legge and Gu model. 
As they do, we assume that disparity estimates are 
based on estimates of monocular positions and that 
the precision of the latter is proportional to the square 
root of contrast. Unlike Legge and Gu, however, we 
do not assume correlation of the noise between the 
monocular contrast signals. Instead, we assume that 
the contrast signal from one eye is reduced by inhi- 
bition from the contrast signal in the companion eye 
and that the position coding for input into the disparity 
mechanism deals with effective contrast signals after 
this interaction (see Fig. 11). It is natural to assume 
that the perceived binocular contrast is a result of 
summing after the same interocular contrast inter- 
action. Consequently, the scheme proposed on Fig. 11 
should explain both suprathreshold binocular contrast 
summation and suprathreshold stereoscopic contrast 
tuning data, providing a stringent test for the validity of 
the model. 

As a source for dichoptic contrast summation data 
we used the study of Legge and Rubin (1981), who 
found that this summation depends on the spatial 
frequency: for high spatial frequencies (8 c/deg) inhi- 
bition curves the function in toward the axes from a 
full-summation slope of - 1. For low spatial frequen- 
cies (1 c/deg), the inhibition was strong enough almost 
to suppress the effect of the lower of the two contrasts. 
Examples of their data are presented in Fig. 12. 

To approximate the curves from Fig. 12 we used a 
version of the weighted summation rule (Schradinger, 
1926): 

Chin CC w1 c1 + wr cr (13) 

0 1 

Right eye test contrast (fraction of standard) 

FIGURE 12. The binocular contrast summation data from Legge and Rubin (1981). (a) 1 c/deg grating, contrast 0.5: (b) 

8 c/deg, contrast 0.3 (subject GR). The solid curves represent the fit provided by our model. 
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where we assume that the weight function ~3, implements 
the interocular inhibition in the following general form: 

Cf 1 

M”=C;+kCf 
=p 

1 fkRr 
(14) 

where R = C,jC, is the ratio ofcontrasts. The formula for 
W, is the same but with the reciprocal contrast ratio R -I. 

The next step is to convert the dichoptic contrast 
summation curves into stereoscopic contrast tuning func- 
tions. Here we follow the logic of the Legge and Gu 
model. The disparity detection threshold 8, is pro- 

portional to the amplitude (T,,~” of the noise in the disparity 
signal. As long as the disparity signal is a difference 
between two corresponding monocular positions and the 
noise in the position estimates is assumed to be indepen- 
dent. the stereothreshold is given by 

8, cc (Tbl” = JfJ f + 0 ; (15) 

where 0, and g‘r are the amplitudes of the noise in the 
position coding mechanisms for the left and right eyes. 
Because of the square-root relation between contrast and 

precision of the position signal, 

I 1 1 
(16) 

FIGURE 13. Predicted disparity detection thresholds as a function ot 

the contrast and spatial frequency of one of the dichoptic stimuli while 

the second is kept constant. The merge point of the two ridges depends 

on the effective contrast of invariant stimulus. Our analysis is simplified 

at high spatial frequencies: to match the empirical behavior, the rear 

ridge should become flatter with increasing spatial frequency. Flat 

parts of the plot are to provide a reference plane. 

Replacing the weights u’ according to the equation (14). 
we arrive at: 

6dCCJkR~P~‘+R-‘+1+kRPIJC,. (17) 

The final step is to find the values for the parameters p 
and k that provide a good fit at the same spatial frequency 
for both dichoptic contrast summation and stereoscopic 
contrast tuning. The existence of such values will indicate 
the consistency of our model. 

A good approximation (within 2% average deviation) 

for low-frequency data was provided by the weights 
defined by parameters p = 2 and k = 0.8. For high- 
frequency data the parameters were p = 1 and k = 0.6. 
(The values of the parameters were found by manual 
adjustment.) Note that no parameter was included for the 
small differences in perceived contrast for each eye alone, 
which could have improved the fit still further. 

The analytic curves for dichoptic contrast summation 
with these parameters (Fig. 12) are compared with the 
corresponding stereoscopic contrast tuning data in Fig. 2. 
The contrast tuning curve for 8 c/deg is matched with the 
4.8 c/deg summation data and the curve for 1 c/deg is 
matched with the 1.2c/deg data, since these were the 
closest pairings available. For comparison, we also pre- 
sent the latter curve (solid line) in Fig. 7 together with the 
best fit provided by the Legge and Gu model (dashed line). 

There is an important difference between the result of 
our analysis and that of Legge and Gu: our functions do 
not saturate at high contrast ratios as do theirs. The 
experimental data do not support such saturation (see 
Figs 2 and 7). The results of our analysis do not necessarily 
refute the Legge and Gu model: we show that binocular 
contrast interaction is another factor that can produce an 
effect similar to noise correlation. However, because our 
model fits better at extremely high and low contrast ratios 

in the contrast tuning task, we argue that our analysis is 
better supported than that of Legge and Gu. 

MODEL PREDICTIONS 

To summarize the analyses presented here, we propose 
an explicit functional relation between disparity detection 
threshold behavior and stimulus parameters at low spatial 
frequencies. Replacing contrasts by effective contrasts in 
the analytic description of contrast tuning [equation (16)], 
we arrive at 

&K/W (18) 

where p = 2 and k = 0.8. This formula, which can be 
simplified analogously to equation (17) describes the 
behavior of disparity detection thresholds for the case 
where both dichoptic stimuli are tuned to spatial frequen- 
cies below 2.5 c/deg. 

However, we cannot yet expand this formula to the 
high-frequency domain because we do not know the 
regularities of contrast interaction between different 
spatial channels. On a qualitative level, if we make the 
simplifying assumptions that neither the binocular inter- 
action nor the effective contrast for stimuli above 
2.5 c/deg depends on spatial frequency, our model would 
predict the stereo sensitivity surface (I/O,) presented in 
Fig. 13 for the effects of contrast and spatial frequency 
in one eye at any constant value of these two parameters 
in the other eyes. The position of this surface is well 
specified along the spatial frequency axis: the two ridges 
merge at 2.5 c/deg frequency. The position along the 
contrast axis, on the other hand, is left arbitrary on 
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the graph because it depends on the effective contrast of 
the invariant component of the binocular stimulus. 

There are two approximations in this surface: 

(a) in the model we calculated the effective con- 
trast by the formula E = Cv 2/2.52, which becomes 
slightly incorrect as the spatial frequency ap- 
proaches 2.5 c/deg; 
(b) the rear part of this surface corresponding to 
spatial frequencies above 2.5 c/deg does not flatten 
with increase of spatial frequency as do the data of 
Fig. 2. 

The main feature of the surface is that the ridge in the 
low spatial frequency range has a slope of two from the 
top view. Cuts along the contrast axis are spatial tuning 
functions, cuts along the spatial frequency axis are 
contrast tuning functions, which are twice as wide. 

An important consequence of our analysis is that all 
spatial tuning functions for low-frequency dichoptic 
stimuli must have the same shape, viz. the shape of the 
contrast tuning function of the 2.5 c/deg channel con- 
tracted in log coordinates by a factor of 2. Figure 14 
shows the contracted contrast tuning function predicted 
by our model for contrast tuning, in the positions 
corresponding to the positions of spatial tuning func- 
tions in Fig. 4 (the relative vertical position of the curves 
along a constant phase disparity line is predicted by the 
model). The similarity between the experimental data in 
Fig. 4 and the predictions of the model in Fig. 14 is 
striking. 

Equation (18) for the disparity thresholds in relation 
to the stimulus effective contrast after binocular inter- 
actions may readily be generalized to any other stimulus 

I. *a**. J 
.l 1 10 

Center spatial frequency (c/deg) 

FIGURE 14. Dichoptic spatial tuning functions for stereopsis pre- 
dicted by the effective contrast model. Spatial tuning curves are 
contracted by a factor of two in the horizontal direction contrast 
tuning function at 1.2 c/deg fitted by our model for contrast tuning (the 
upper curve from Fig. 1). Absolute position of the curves is arbitrary: 
only relative position is specified by the model. Notice similarity with 

the experimental data presented in Fig. 4. 

variable that influences the effective contrast at the 
dominant cortical filter. Examples of such variables are 
vertical disparity, dichoptic orientation, contrast of 
masking stimuli, interocular delay, and so on. All that 
needs to be known is the monocular effective contrast of 
these stimuli to predict stereoscopic threshold. 

DISCUSSION 

The implication of the full analysis is that no fovea1 
channels need to be assumed below 2.5 c/deg to explain 
the cited data. How, then, can the visual system develop 
a depth map for objects larger than the size of this lowest 
frequency channel? To answer this, we need to clarify 
what we mean by the term “channel”. We assume that 
there are spatial-frequency selective filters across the 
visual field, Filters with similar properties (e.g. the same 
shapes of receptive field) constitute a channel (see Gra- 
ham, 1989, p. 21). We consider channels to be the 
psychophysical constructs corresponding to the initial 
stages of visual processing where each filter of the 
channel can be identified with particular neuron or a 
group of neurons. However, the object descriptions in 
visual memory that are involved in the recognition 
process also provide a mechanism that is selective for the 
images of the object that they encode and can behave in 
some respects similarly to channels. We prefer to not use 
the neuron-related term “channel” for this level of 
processing, but to use instead the term “high-level 
process”. We postulate that it is the operation of such 
high-level processes that allows the encoding of spatial 
frequencies below 2.5 c/deg. A second caveat is that 
2.5 c/deg is assumed to be the lower limit only in the 
fovea. Scaling of the limit to lower frequencies with 
eccentricity is to be expected. 

There also could be a hierarchy between channels in 
the form just defined. For example, cortical channels for 
static stereopsis, stereomotion, monocular motion, etc., 
might exist beyond the monocular, first-order channels 
(such as retinal ganglion cells) sensitive to particular 
spatial frequencies. In this case, these cortical channels 
should demonstrate similar properties in the spatial 
frequency domain (such as 2.5 c/deg knee point dis- 
cussed above) but be clearly distinguishable in terms of 
other features such as spatiotemporal configuration of 
the receptive field in the two eyes (Tyler, 1983, 1990). 
With regard to the organization of such cortical chan- 
nels, we assume that the outputs of spatiaI-frequency 
selective filters constitute an array within the cortex. 
Binocular matching can be done for different disparities 
of monocular input and the choice of which matching is 
better is based not on the responses of two monocular 
filters but on the array of pairs of responses along the 
given cyclopean direction. 

Although our analysis suggests that the stereoscopic 
system does not use signals from fovea1 channels 
tuned below 2.5 c/deg, evidence for the existence of 
such channels for two-dimensional spatial vision has 
been presented in several studies based on the masking 
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paradigm (Tolhurst, 1973; Stromeyer, Klein, Dawson & 
Spillmann, 1982; Wilson, MacFarlane & Phillips, 1983). 
We speculate that these low frequency channels, if they 
really exist, are not involved in stereoscopic processing. 
There are, however, puzzling data for the detection of 
trapezoidal stimuli presented by Campbell, Johnstone 
and Ross (198 I) which call into question the involve- 
ment of low frequency bandpass channels even in non- 
stereoscopic visual detection tasks. 

Our conclusion that there are no fovea1 channels with 
peak frequency below 2.5 c/deg involved in stereoscopic 
processing questions the principle underlying one of the 
most recognized models of stereopsis (Marr & Poggio, 
1979). This model holds that there is a range of stereo- 
scopic channels with different levels of precision estab- 
lishing correspondence between stereo images and that 
the coarse low-frequency channels provide initial data 
for finer high-frequency channels. Our analysis suggests 
that this principle could apply only within the sub-range 
of spatial frequencies above 2.5 c/deg mediating rela- 
tively small disparities, in contradiction to the qualitative 

interpretation of the data of Schor et al. (I 984) by the 
authors and by Tyler (1991) in terms of stereoscopic 
channels tuned to low spatial frequencies. 

Comparison with ideal observer analysis 

In this study we have developed plausible functional 
relations between stimulus parameters and hypothetical 
internal signals. We argue that this approach is prefer- 
able to one based on the ideal observer approach for at 
least two reasons: 

(a) the arbitrary detection rule that needs to be 
hypothesized for the ideal observer approach can 
be replaced by the regular principles derived from 
the data in one domain and then used for expla- 

nation of other domains (such as a square-root 
relation between contrast and sensitivity of a pos- 
ition coding mechanism); 
(b) analysis in terms of slopes in appropriate coor- 
dinate systems instead of analytic statistical re- 
lations with exact coefficients tends to simplify the 
underlying structure. The exact relations are any- 
way of little value as long as discrepancies by one 
or two orders of magnitude between the ideal and 

human observers are obtained. 

In many ideal observer analyses, human efficiency is 
of the order of 1% for a chosen stimulus size. Reducing 
the stimulus size usually can increase the efficiency 
estimate proportionally, implying that the human ob- 
server was using a smaller region of the stimulus than 
was actually available. Presumably, the efficiency would 
rise to 100% if the effective stimulus region for the ideal 
observer was optimized to match that employed by the 
human observer. In that case, however, the effective 
stimulus region would become isomorphic with the 
channel characteristic controlling the psychophysical 
performance, which is the logic of our analysis. 

CONCLUSION 

We hope that this paper will help to clear up the puzzle 
as to why the visual system would need channels tuned 
to low spatial frequencies when its sensitivity in this 
range is so low. This question can be asked in many 
domains of vision, in each of which there are data that 

appear to suggest the existence of channels tuned to low 
spatial frequencies. Stereoscopic vision is such a domain; 

there is evidence from spatial tuning at low spatial 
frequencies combined with low sensitivity to binocular 
disparity at low spatial frequencies (Schor et ul., 1984). 
Our analysis for the stereopsis case resolves this contra- 
diction: no fovea1 channels tuned to frequencies below 
2.5 c/deg need to be postulated to explain stereo process- 
ing under normal conditions, under the assumption that 
it is the effective contrast of the response from a channel 
tuned to 2.5 c/deg provides the spatial tuning at low 
spatial frequencies. Perhaps a similar analysis can be 
developed for other domains of vision such as contrast 
and motion sensitivity. 
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